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Some bookes are to bee tasted, 
others to bee swallowed, 
and some few to bee chewed and disgested. 


— FRANCIS BACON, Essayes (1597) 


FOREWORD 


This book is the third of a series whose aim is to present new theories and methods 
of braiding. Each book treats one or more types of braid, and gives methods and 
formulae which enable artisans to produce similar braids of their own design. The 
methods are based upon mathematical principles discovered by Georg Schaake in the 
early ’80s. These principles are based in the main on the operations of modular (or 
clock) arithmetic. For those not familiar with these operations we include a brief 
introduction to the topic of modular arithmetic in Appendix 3. 


This volume deals with the family of The Standard Herringbone Pineapple Knots. It 
presents tabular methods which enable the reader to braid these knots with a minimum 
of mathematical knowledge. As with all books in this Series, th: underlying mathemat- 
ical theory is not discussed in detail. This theory is presented in an associated research 
report. 

Further, a computer diskette will be made available for computing automatically the 
braiding algorithms for these Pineapple Knots, for those artisans who do not wish to 
use the tables given in this book. 

Details of research reports for this and other books in the series, and of the computer 
diskettes currently available, may be had by writing to Dr. J.C.Turner, Department of 
Mathematics and Statistics, University of Waikato, Hamilton, New Zealand. 

We shall not give practical details on braid production, such as what kinds of tools 
and thongs to use. Readers requiring this kind of information are referred to the ex- 
cellent encyclopaedia of rawhide and leather braiding written by Bruce Grant (see the 
Bibliography for details and other references). 


The authors will be pleased to receive comments from readers on the new methods 
given in the books. Suggestions for improving the manner of their presentation will also 
be appreciated. 


As well as the books and the research reports, the authors are now producing a 
Series of Pamphlets entitled Topics in the Theory and Practice of Braiding. They 
present short introductions to various braiding topics, which are not necessarily directly 
linked with subjects dealt with in the Book-Series. The first three in the Pamphlet- 
Series are (1) Introducing Grid-Diagrams in Braiding; (2) Edge Lacing — the 
Double Cordovan Stitch; and (3) Braiding Application — Horse Halter. These 
publications may be obtained from the address given above. 


A.G.S. 
Jat. 
October, 1991 D.A.S. 


INTRODUCTION 


Difficulties and obscurities will disappear 
when we don’t rush, and start at the beginning. 


This volume in our series of books on braiding deals specifically with the Standard 
Herringbone Pineapple Knots. An example of these Knots is described by Bruce 
Grant on page 420 (plates 173 and 174) in his book “Encyclopedia of Rawhide and 
Leather Braiding”; Grant refers to it (on page 134) as being the “King of the braided 
Knots”. These Knots form a Herringbone Pineapple Knot sub-family. Any member of 
this sub-family is a special interbraid of Turk’s Head Knots, all having the same number 
of bights. 

These interbraided Turk’s Head Knots have an odd number of parts; they all have 
either the same odd number of parts, or else they form two sets: all the members of a 
set have the same odd number of parts, and this number of parts in one set differs from 
the number of parts in the other set by 2. 


The Cylindrical Braid-class to which the Pineapple Knots belong is characterised by 
the regular nesting of the bights at the two parallel edges of the braid. This Braid-class 
we call the Regular-Nested Cylindrical Braids. It contains an enormous number 
of different knot-classes, each of which has its own specific features. 


It is of interest to note that some braids which cover a sphere belong to the Regular- 
Nested Cylindrical Braids, but there are a great many spherical braids which do not 
belong to this Braid-class. 


Although Bruce Grant clearly indicates in his writings the specific features of Pineap- 
ple Knots, and hence the Pineapple Knot-class, writers recently seem to call any knot 
belonging to the Regular-Nested Cylindrical Braid-class a Pineapple Knot. They then 
wonder why they are unable to find the relationships which govern these Knots. It 
should be obvious that we have to start at the beginning, and that is with the study of 
the string-runs (see Ref. [1]) of braids; this will lead to braid classes, each of which, 
in general, divides into braid sub-classes. Each of these braid sub-classes may in turn 
divide into braid families; and each of these may divide into braid sub-families. 


Only after this classification has been completed can we start with the study of the 
consequences imposed by the different weaving patterns: the coding (see Ref. [1]). This 
study will lead to knot classes, which in general divide into knot sub-classes. Each 
of these knot sub-classes may in turn divide into knot families; and each of these may 
divide into knot sub-families. 


Consequently, before we are able to explain clearly the various specific properties of 
the Standard Herringbone Pineapple Knots, we first have to describe the general nature 
of the Regular-Nested Cylindrical Braids; this is done in Chapter 2. In Chapter 3, we 
start by giving a definition of the Pineapple Knot class by means of the essential 
coding of its members. This Knot class consists of many sub-classes. One of these is 
the Herringbone Pineapple Knot sub-class, which is divided into two families: one 
the Herringbone Pineapple Knot family, and the other the Broken-Herringbone 
Pineapple Knot family (see Appendix 2). We show how the Herringbone Pineapple 
Knot family is arrived at, and briefly discuss some properties associated with its sub- 


families. 


We have then reached the stage where a more detailed treatment of the Standard 
Herringbone Pineapple Knots can follow; this is carried out in Chapter 4. 


Those braiders who are interested in learning only the required procedures for ob- 
taining the braiding algorithms associated with the Standard Herringbone Pineapple 
Knots, can start with Chapter 5. If they do so, however, they will lack a substantial 
amount of insight, but nevertheless they will be able to braid any Standard Herringbone 
Pineapple Knot. 

The necessary braiding algorithms for the construction of these Knots can be ob- 
tained in a simple manner from tables. The procedures involved are fully explained in 
Chapter 5. Readers who are devoid of any mathematical knowledge can dispense with 
the formulae on pages 36 and 37; they will have to establish the values of the param- 
eters by trial and error, which is, in many cases, an easy matter. To help the reader 
in becoming thoroughly familiar with the procedures, two fully worked examples are 
given. 


It is convenient to divide the Standard Herringbone Pineapple Knots into Types; 
this enables the braider to specify unambiguously a particular Standard Herringbone 
Pineapple Knot. This procedure is discussed in detail in Chapter 6. 


To enable the construction of Algorithm-tables for values of B* and s which are 
greater than the ones catered for in the given tables, we give in Chapter 7 the method 
to do so. It is closely related to the calculation method employed in obtaining the 
braiding algorithms for Regular Knots as described in our book “Braiding — Regular 
Knots” under method I on page 28 (see Ref.[1]). The relationship between the two 
methods is made clear in Appendix 4. 


A summary of the classification of the Regular-Nested Cylindrical Braids is given in 
Appendix 1. Since braids can be braided in two ways, according as their cycles are laid 
down from lower-left to upper-left (upwards braiding), or from upper-left to lower-left 
(downwards braiding), this Appendix is accordingly divided into two sections, I and II. 

Appendix 2 gives a summary of the Herringbone Pineapple Knot sub-class. This 
summary is also divided into two sections: Section I for upwards braiding, and Section 
II for downwards braiding. 
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The reader should note that some formulae depend on which of the two braiding 
directions is used. 

It should be stressed that the Appendices 1 and 2 should not be studied before the 
reader is thoroughly conversant with the contents of the Chapters 2,3 and 4. Only after 
the contents of these Chapters are fully understood and properly “digested”, will the 
reader be able to follow the material in these Appendices without difficulty. 


Since the calculation methods in braiding rely heavily on modular arithmetic, we 
have included a brief introduction to it in Appendix 3. It gives the reader all he needs 
to know about this natural form of arithmetic concerning braiding. 


There are no shortcuts to the understanding of braiding processes, and those who 
think that they will be able to comprehend these processes by theory or practice alone 
are badly mistaken. It is essential that the reader acquires a large measure of practical 
experience, since it is a prerequisite for the successful understanding and development of 
the necessary theory. Braids are basically geometric objects, consequently grid-diagrams 
are one of the best means for representing them. It is therefore important that the reader 
draws up many grid-diagrams and executes the braiding process involved for each. Only 
then will he acquire the skill in “reading” them, so that they are automatically translated 
into the geometrical objects they represent, which we call braids or knots. 

The Chapters that follow are to be chewed and digested thoroughly, if competence 


in designing and constructing these braids is to be achieved. We hope that this “meal” 
will whet the appetite for further study of the fascinating processes of braiding. 


2 


THE REGULAR-NESTED 
CYLINDRICAL BRAIDS 


The Standard Herringbone Pineapple Knots belong to the class of the Regular- 
Nested Cylindrical Braids. It should be noted that, depending on the values of the 
parameters involved and the coding used, these braids can result in knots having the 
form of a sphere. An investigation by P. van de Griend into some properties of Spherical 
Knot Covers has recently been published. (see Ref. {10]). 


Before we can explain the general construction details of Standard Herringbone 
Pineapple Knots, we first have to define a Regular-Nested Cylindrical Braid, and discuss 
three very important parameters that are invariants (constants) for any such braid. 


Definition: 


A Regular-Nested Cylindrical Braid is a cylindrical braid in 
which the circular edges consist of nests of bights such that each 
nest contains the same number of single bights, stacked uni- 
formly, as demonstrated by left-edge examples in Fig. 1 and right- 
edge examples in Fig. 2. 


The number of bights per nest will be indicated by A, and the 
number of nests per circular edge will be indicated by B* . Hence 
the total number of bights per circular edge is equal to A.B* , and 
this will be denoted by B. 


For various values of A, the arrangements of nests are shown, at the left-hand edge 
in Fig.1 and at the respective right-hand edge in Fig.2. (N.B. In these Figures, only 
portions of the string-run of these Regular-Nested Cylindrical Braids are shown. For 
examples of fully-drawn Regular-Nested Cylindrical Braids, see Figures 4,5 and 6.) 


Each left- and respective right-hand edge in a complete cylindrical braid of this kind 
can be seen as a series of A, regular spaced, parallel bight-boundaries, each one having 
B* bights. These bight-boundaries may be numbered in sequence from the outside to 
the inside, as shown in the diagrams. 
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Fig. 1 — Nested Bights at left-edge of Braid. 
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Fig. 2 — Nested Bights at right-edge of Braid. 


It should be noted that for A = 1 we obtain the class of Regular Cylindrical Braids. 
When a braid in this class is made from one string, it is called a Regular Knot; these 
knots were dealt with in Book 1/1 of our Series of books on braiding (see Ref. [1]). 


Let us now consider a half-cycle running from lower-left to upper-right, in a general 
braid of this kind, with A bights per nest (see the diagram in Fig. 3). 

Suppose we have such a half-cycle running from the left bight-boundary 1 to the right 
bight-boundary k. Then the half-cycle starting at the left bight-boundary 2 must run 
to the right bight-boundary (k — 1); the half-cycle starting at the left bight-boundary 
3 must run to the right bight-boundary (k — 2); and so on, until we reach a half-cycle 
which ends on the right bight-boundary 1. This will happen with the half-cycle which 
starts at the left bight-boundary k. The reader will observe that for each one of this set 
of half-cycles, the sum of the left bight-boundary value and the right bight-boundary 
value is always equal to (k +1). 

The next half-cycle, starting at the left bight-boundary (&k + 1), will run to the 
right bight-boundary A; the next, from the left bight-boundary (k + 2), runs to the 
right bight-boundary (A — 1), and so on, until we reach the last half-cycle in this set, 
which runs from the left bight-boundary A to the right bight-boundary (k + 1). The 
reader will now observe that for each one of this set of half-cycles, the sum of the left 
bight-boundary value and the right bight-boundary value is always equal to (A+k+1). 

Thus in general the half-cycles running from lower-left to upper-right can be divided 
into two sets, the first set in which the sum of the left bight-boundary value and the 
right bight-boundary value is equal to (k + 1) and the second set in which this sum is 
equal to(A+k+1). 

We still have to consider a special case, that in which k = A. For this case the 
second set described above is empty (there are no half-cycles belonging to this set; all 
half-cycles belong to the first set) and hence the sum of the left bight-boundary value 
and the right bight-boundary value is always equal to (A +1). 


We summarise the above by observing that the half-cycles running from a lower-left 
bight-boundary /- to an upper-right bight-boundary r; in general divide into two sets; 
one such that 1; +r; = Y = k +1, and the other such that 1; +r; = Y + A, with 
2 Sk. 

For the special case, there is only one set, with 1; +r; = A+1. In this case, we shall 
always have a half-cycle from lower-left bight-boundary 1 to upper-right bight-boundary 
A. 


First-return string-runs 


Next we shall consider the string-run half-cycle sequence in a Regular-Nested Cylin- 
drical Braid. Let us start with a half-cycle which begins at a left bight-boundary 
1, (i, is one of the left bight-boundaries 1,2,3,...,A). This half-cycle, running from 
lower-left to upper-right, will end at a right bight-boundary, say 7; (7: is one of the right 
bight-boundaries 1,2,3,...,A). This half-cycle is followed by a half-cycle (running from 
lower-right to upper-left) from the right bight-boundary r; to the left bight-boundary 
lz ; next follows a half-cycle running from the left bight-boundary [2 to the right bight- 
boundary r2; then one from r2 to 13; , followed by one from /3 to r3 , and so on. 
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Fig. 3 — Half-cycles between left Bight-boundaries and right Bight-boundaries. 
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A-5: 4-3: B*=3: P=16: 


Fig. 4 — String-run of a Perfect Regular-Nested Cylindrical Braid. 


Pronp = 4 


x=8; 


A=5: 4:3: B*=4: P=16: 


Fig. 5 — String-run of a Semi-Perfect Regular-Nested Cylindrical Braid. 


ll 


Eventually we return, with a right to left half-cycle, to our initial left bight-boundary 
l, . This does not mean, of course, that we necessarily return to our starting point, since 
we have B* bights on each bight-boundary (see the examples of Figs. 4 and 5). 


A partial string-run, as described here, we shall call a ‘first-return string-run’, which 
we define as follows: 


Definition: 


A first-return string-run is a series of consecutive cycles 
which begins on a given left bight-boundary (k say) and ends 
when the left bight-boundary k is first reached again. 


The total string-run forthe braid is now seen to be a sequence of first-return string- 
runs. This sequence in some cases forms a single-string braid; whereas in others, an 
interwoven braid of several strings results. 


The above defined first-return string-run can be shown graphically as follows: 


finish l, 
T3 

ls 
r2 

lp 
Ty 

start l, 


We have now obtained a sequence of left bight-boundaries /,[2,13,...,1, and a se- 
quence of right bight-boundaries r1,72,73,... (The reader should trace a sequence of 
half-cycles in the single-string knot of Fig. 4, in order to learn how the /; and r; occur 
in relation to one another on the two edges containing the bight-boundaries.) 


In these bight-boundary sequences a parameter called A (i.e. upper-case Delta) plays 
an important role. This parameter is an invariant (has a constant value) for a given 
Regular-Nested Cylindrical Braid. 

With the aid of the parameter A we can express the value of /2 in terms of that of 
l, , the value of /3 in that of Iz , etc.; the value of rz in that of r; , the value of r3 in that 
of r2, etc. 

To show how this is effected, let us first take any three consecutive half-cycles; these 
we can represent graphically as follows: 


Ti+] 
l; 
ss wherein 7 is chosen from {1,2,3,...,(A —1)} 


ri 


lL; 
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Thent : 
liga =|L+ A], and rigs =|ri—Al, 
The value of A, for any given knot, is one of the values 0,1,2,...,(A —2),(A—1); 
moreover, this A-value is the same in each cycle. 


Thus in the general first-return string-run we obtain: 


I =|4+Al, ro =|r1 — Aly 
=|h+Al, r3 =|r2 -Aly 

I, =|ls + Al, rg = |r3 —Al, 
lignan = (E+ Al, Ti4n = [ri — Al, 


These calculations cease when /; is first reached again. 


Example 1: Figs. 4 and 5 illustrate this example. 


Suppose we consider the Regular-Nested Cylindrical Braid with A = 5 and A = 3 
(we choose these values arbitrarily). Furthermore, let the first-return string-run have a 
left-to-right half-cycle from left bight-boundary 2 to right bight-boundary 3 (again, the 
choice is arbitrary). We have shown above that 1; +r; = k+1 for one set of left-to-right 
half-cycles and (A +k +1) for the remaining set of left-to-right half-cycles, or if the 
special case k = A applies, all left-to-right half-cycles are such that 1; +r; = A+1. 

This last special case cannot apply in this example, since /; +r; = 2+3 = 5 whereas 
A+1=5+1=6. Hence we must have the former case. 

Thus for this braid J; +7;=2+3=5 or (J;4+7;=A4+24+3=54+2+3=10. 

For 1; = 1 we therefore obtain r; = 5— 1 = 4. Now we can readily write down the 
l; and r; sequences as follows: 


oS] 

i, = [1+ Al, = |14+3|, =4 

ls = (4+ Al, = [4+ 3], = |7|, =2 

ig = (2+ Al, = [2+ 3|, = [5|, =5 

ls = |5+ Al, = [5+ 3|, = |[8|, =3 

le = |3 + Al, = [3 + 3|, = [6], =1L = 


Tr) = 4 
rz = |4— A|, = asia 3|, = [1], = =1 
rs = |[1— Al, = [1 — 3|, = |—-2|, =3 
=D Aly = |3 — 3], = |0|, =5 
= |5— Al, = |5— 3]; = [2|; = 2 


Graphically we obtain the following first-return string-run : 


t Here we use the modulus notation, which is defined and ezemplified in Appendiz 3. 
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finish 1 
2 
3 
5 
5 
3 
2 
1 
4 
4 
start 1 


Example 2: Fig. 6 illustrates this example. 


This time we consider the Regular-Nested Cylindrical Braid with A = 5 and A=0. 
Furthermore, let the first-return string-run again have a left-to-right half-cycle from left 
bight-boundary 2 to right bight-boundary 3. 

As for Example 1, we obtain 1; +7; = 2+3 =5 orlj+r; = A+2+3 =54+24+3=10. 

If we start at 1; = 1 then we obtain for r; the value 5—1=4. 

Since A = 0 we then obtain /2 = |1+0|, = |1|, = 1; hence we arrive back at the 
initial left bight-boundary 1. 


1 
Thus the initial first-return string-run is a a 
1 


For 1; = 2 we obtain r} =5—2=3. 
Since A = 0 we obtain J, = |2 + 0|, = |2|; = 2; hence we arrive back at the initial 
left bight-boundary 2. 


2 
Thus the 2”¢ first-return string-run is oe 3 
2 


For |; = 3 we obtain r} = 5-3 =2. 
Since A = 0 we obtain I, = |3 + 0|, = |3|, = 3; hence we arrive back at the initial 
left bight-boundary 3. 


3 
Thus the 3 first-return string-run is 2 
3 


For 1; = 4 we obtain r;} =5—-—4=1. 
Since A = 0 we obtain J, = |4+0|, = |4|, = 4; hence we arrive back at the initial 
left bight-boundary 4. 
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Thus the 4* first-return string-run is Se : 
4 


For 1; = 5 we obtainr; = 10-5 =5 _ (here we have to use the value 1; + r; = 
A+k+1=10 instead of the value (k + 1), since the value k + 1 = 5 would result in 
ry = 5—5 =0 and a bight-boundary numbered 0 does not exist). 

Since A = 0, we obtain [2 = |5 + 0|, = |5|, = 5; hence we arrive back at the initial 
left bight-boundary 5. 


5 


Thus the 5** first-return string-run is Pe 5 
5 


VVVVV 


A=5: 4-0: B°=5: PH1B: X=10: Poot 464 off): Propet 21 off) 5 


Fig.6 — String-run of a Standard Regular-Nested Cylindrical Braid. 
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In a Regular-Nested Cylindrical Braid the innermost left and right bight-boundaries 
are a distance of z columns or z parts apart (see Fig.3). The value of z has to be 
specified by the braider, before the grid-diagram of the braid can be drawn. 

Once the value of z has been specified, all the A bight-boundaries on each of the 
left and right edges respectively are determined, since two adjacent bight-boundaries 
(belonging to the same edge) are always two columns apart. 

Note: the concept of columns on grid-diagrams is dealt with in Book 1/1 (see Ref. [1]). 
Columns are vertical lines through crossing points. 

We can show that z can always be expressed as z = cA + |2(1; + 7;) + Al, , where 

- c is some integer. We shall find it convenient to label the quantity |2(1; + ri) + A|, by 
the symbol 6 (delta), where 6 is one of the integers 1,2,3,...,(A—1),A. 

It can be shown that for a given Regular-Nested Cylindrical Braid, both c and 6 are 
invariants (i.e. they do not vary within a given knot). 

The total number of parts in a Regular-Nested Cylindrical Braid is given by P, 
where P= z+2(A—1)=2+2A — 2s can be quickly determined from Fig. 3. 


Sub-classes of the Regular-Nested Cylindrical Braids 


The class of the Regular-Nested Cylindrical Braids can be divided into six sub- 
classes. In general we have in each of these sub-classes mirror-image pairs indicated by 
Type 1 and Type 2. These are defined within a sub-class as follows: 


Typel: A=A, ; where 1< A; < A/2 
Type2: A=A,=A-A, 


a Type 1 and Type 2 braids have the same A value when A = A/2 (A has to be even 
for these braids). 


Suppose that Type 1 has a half-cycle from lower-left to upper-right, running from 
the left bight-boundary /;, to the right bight-boundary r;,; and that Type 2 has a 
half-cycle from lower-left to upper-right, running from the left bight-boundary /;, to the 
right bight-boundary r;,. When /;, = 1;, the following relationships hold: 


rig = (ri, + Aral, ri, = |ri, + Aal, 
Tig =(|ri, + A— Aol, ri, =|ri, —-O1 + Al, 
‘ =|ri, - Aal, = |ri, - Ail, 


In the case A = 0, then Type 1 is identical to Type 2. 
In the case A; = Az = A/2, then: 


Ti, = ar “7 A/2\, aa Irs, +— A/2\, 
y= Ini, = A/2|, = rd, + A/2|, 


A brief summary of the classification of the Regular-Nested Cylindrical Braids is 
given in Appendix 1. 


THE HERRINGBONE 


PINEAPPLE KNOTS 


ineapple Knots. The reader should consult Figures 


We now present a definition of P 
7 and 8, to help in understanding the details involved. 
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Fig. 7 — The essential coding at the left-edge of Pineapple Knots. 
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Consider the two half-cycles (one slanting upwards and the other downwards) which 
issue from a bight-point on bight-boundary k . On these half-cycles, the first (k — 1) 
intersections they each make (with half-cycles issuing from bight-boundaries 1 to (k —1) 
inclusive) are all under-crossings. 

This essential coding is the crux of the definition for knots of the Pineapple Knot 
class. In practice, this weave is one which creates cylindrical braids with hemi-spherical 
ends. 


The reader should note that, so far, only the coding (the ‘weave pattern’) at the edges 
(i.e. with respect to the nested bights) has been defined. Moreover, even within this 
region, there are still some undefined crossings. These are the first crossings between 
the half-cycles from adjacent bight-points on the same bight-boundary. In other words, 
they are the first ‘valley-points’ formed by half-cycles from adjacent bight-points on the 
same bight-boundaries. 

Thus, the Pineapple Knots form a knot-class of the class of Regular-Nested Cylin- 
drical Braids, in which the nested bights have coding arrangements as outlined above 
and which are demonstrated for A = 2 to 5 in the diagrams of Figs.7 and 8. 
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Fig.8 — The essential coding at the right-edge of Pineapple Knots. 


The knot-class of Pineapple Knots can be divided into many sub-classes, one of 
which is the Herringbone Pineapple Knot sub-class. 

The general definition of herringbone coding is as follows: 

Herringbone coding is a row-coding (see [1], p.45); it consists of sets, each of n 
adjacent rows, every row within a set having the same coding; the codings in adjacent 


edges are 
23 45 


herringbone coding can be 


2 3 4 


The members of the family which have a herringbone coding can be divided into 


four sub-families; whereas those in the family with broken 
The essential coding arrangement of the four sub-families which all have a herring- 


bone coding is shown for A = 2 to 5 in Figs.9 and 10. The reader will observe that in 
every nest there are two rows of crossings which can have a coding as given in Figs. 11 


The Herringbone Pineapple Knot sub-class in turn can be divided into two ma- 
jor families, one which has a herringbone coding, and the other which has a broken- 
or 12 and Figs.13 or 14. The resulting herringbone codings near the bight- 


The overall effect in a Herringbone coded knot is of a succession of stacked ‘V’s, 
herringbone coding. 


arranged with their apices pointing towards the left and right bight-edges. 
therefore as given in Figs.15 or 16 and Figs.17 or 18. No others are possible, due to 


divided into six sub-families. A short summary of the essential properties of all these 
the row-coding within sets, as defined above for herringbone coding. 


sub-families is given in Appendix 2. 


sets alternate throughout. 
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Fig. 9 — The essential coding at the left-edge of herringbone coded Pineapple Knots. 
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-edge of herringbone coded Pineapple Knots. 


Fig. 10 — The essential coding at the right 
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The two coding possibilities for the remaining uncoded rows 
at the left-edge of a herringbone coded Pineapple Knot. 


Fig. 11 (top) 
Fig. 12 (bottom) 
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The two coding possibilities for the remaining uncoded rows 
at the right-edge of a herringbone coded Pineapple Knot 


Fig. 13 (top) 
Fig. 14 (bottom) 
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at the left-edge of a herringbone coded Pineapple Knot. 


The two possible herringbone codings 


Fig. 15 (top) 
Fig. 16 (bottom) 
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at the right-edge of a herringbone coded Pineapple Knot. 


The two possible herringbone codings 


Fig. 17 (top) 
Fig. 18 (bottom) 
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These left- and right-hand knot parts, as illustrated in the Figs. 15,16 and 17,18, 
have now to be arranged relative to each other in such a way that the resulting coding 
of the whole knot is herringbone coding. This can be done in three ways only. 


The first possible arrangement is given in Figs. 19 and 20. This arrangement results 
in a A value (see page 11) that is equal to zero, since in any first-return string-run 
1; = lj41 (also r; = 7541). The reader can check this, for example, by noting in both the 
Figures that half-cycles 1 to 3 are immediately followed by half-cycles 3 to 1; here, /; 
and [;;1 are both 1, and so A is zero. Similarly, the r; and r;4; values may be checked 
to be equal for any first-return string-run which starts from r; . 


The reader should observe that if Fig. 19 is turned through an angle of 180° about 
an axis perpendicular to the drawing plane, the resulting diagram is identical to Fig. 20; 
hence they represent the same knot. Moreover, the mirror image (lateral inversion, left 
to right) of each diagram is identical to itself. Therefore the mirror image produces 
the same knot again; we shall see later that this is not the case with the other two 
arrangements. 

Recall (from page 15) that when A = 0, Type 1 is equal to Type 2. The above 
analysis of Figs. 19 and 20 exemplifies this. 

Herringbone Pineapple Knots which have their left- and right-hand nests arranged 
as in these Figures belong either to the Standard Herringbone Pineapple Knots or the 
Semi-Standard Herringbone Pineapple Knots. Neither of these can be braided from a 
single string, but have to be braided from multiple strings. For more details the reader 
can refer to Appendix 2. 


The second and third possible arrangements referred to above are represented re- 
spectively in Figs.21 and 22. For the second arrangement we have a A value that is 
equal to 1 (see Fig.21). For the third arrangement, we have a A value which is equal 
to (A — 1) (see Fig. 22). 

Note that (A — 1) = |-1|, and hence A = A —1 is equivalent to A = -1. 


The reader should now observe that by turning Fig.21 through an angle of 180° 
about an axis perpendicular to the drawing plane, we obtain a Figure identical to the 
original one. Similarly for Fig.22. Then, since the coding arrangements of Fig.21 and 
Fig. 22 are evidently different from one another, it is clear that the two Figures represent 
different knots. Nevertheless, Figs. 21 and 22 may be seen to be mirror images of one 
another. Hence the mirror image of either one Figure represents the same knot as that 
knot represented by the other Figure. 


Herringbone Pineapple Knots which have their left- and right-hand nests arrranged 
as in one of the Figs. 21 or 22 belong to either the Perfect Herringbone Pineapple Knots 
or the Semi-Perfect Herringbone Pineapple Knots. The Perfect Herringbone Pineapple 
Knots are made from a single string, whereas Semi-Perfect Herringbone Pineapple Knots 
require more than one string. These Herringbone Pineapple Knots will be fully discussed 
in a later volume of our Series of Books on Braiding. 


The value of A is involved in expressing the relative positions of the nests in rows 
on the left- and right-hand edges of the Regular-Nested Cylindrical Braid. Another 
example to illustrate this is given in Fig. 23. 
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of a herringbone coded Pineapple Knot with A=0. 


The herringbone coding arrangements 


Fig. 19 (top) 
Fig. 20 (bottom) 
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The herringbone coding arrangements of a herringbone coded 


Pineapple Knot with A = 1 respectively A 


Fig. 21 (top) 
Fig. 22 (bottom) 
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Fig. 23 — The string-run of a Compound Regular-Nested Cylindrical Braid. 


The reader will find it instructive to do the following, with regard to Fig. 23: 


e Check that A (the number of bight-boundaries per braid-edge) is 6. 

e Check that the number of nests per braid-edge is B* = 5. 

e Check that z (the number of columns between the left- and right- bight- 
boundaries A) is 14. 

e Discover the two first-return string-runs, as shown at the right of the Figure. 

e Note that the whole braid is made with two strings. Each string contributes 
a component to the total braid. 

e Check that one component has 13 parts, and that the other has 11 parts. 

e Check that A = 4, by comparing |; and /;41 in a first-return string-run, of 
both components. 


It should be realised that when designing a knot, the four quantities A, A, B* and 
x are decided upon first; and then, from these the related grid-diagram is drawn. Re- 
strictions and relationships on these quantities will determine the kind of knot that will 
result. Appendices 1 and 2 deal with these conditions and relationships. 
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THE STANDARD 
HERRINGBONE PINEAPPLE KNOTS 


The Standard Herringbone Pineapple Knots! are characterized by the fol- 
lowing relationships : 


A=0 (1) 
B* and Peomponent are coprime (2) 
z=cA+6, wherein (3) 

6 = |2( + rs)|, and (4) 

e = (2m—3) + Akt r)—? (5) 
Provbjoiend = 2 Ee Ai (6 
P=\- Piomponent = 24+ 242 (7) 


If and only if the conditions (1), (2) and (5) are all met, then a Standard Herringbone 
Pineapple Knot will result. They are necessary and sufficient conditions for this type 
of Knot. 


The following remarks on each condition are instructive: 

(1) This condition is a requirement for all Standard- and 
Semi-Standard Regular-Nested Cylindrical Braids (we attach the 
suffix ‘Semi’ when a component cannot be made from one string). 

(2) This condition ensures that each component can be made from a 
single string. 


t The Standard Herringbone Pineapple Knots are generally referred to in the literature as Pineapple 
Knots; however this term is much too loose. 
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(3) This is true for every Regular-Nested Cylindrical Braid. 

(4) This is true when A=0. 

(5) This is a requirement for every Standard and Semi-Standard 
Herringbone Pineapple Knot. 

(6) (number of parts per component) The formula applies to all 
Standard- and Semi-Standard. Regular-Nested Cylindrical Braids. 

(7) This formula, for ‘total number of parts in complete knot’, applies 
to every Regular-Nested Cylindrical Braid. 


Example : (see Figs. 24,25, and 26, 27) 


Suppose we have a Standard Herringbone Pineapple Knot, with A = 5 and a half- 
cycle running from lower-left to upper-right between the left bight-boundary /; = 3 and 
the right bight-boundary r; = 5. From condition (1) above, we know that A = 0, hence 
l; => Ly44 and TP; = Ti41- 

And since 1; + r; = 3+ 5 = 8 in the given half-cycle, and this value is not equal to 
A+1 = 6, weconclude there are two sets of half-cycles, one for which 1; +r; = 8(= Y+A 
and hence Y = 3), and the other for which 1; +r; = Y = 3. 

Using the methods of Chapter 2, on first-return string-runs (e.g. see Example 2 in 
that Chapter), we obtain the following first-return string-runs for this knot: 


1 2 3 4 5 
Pe ge ee ae 
1 2 3 4 5 


Hence we have five interwoven components with string runs as given above. 
= |2(1; +rila = |2(3 + 5)s = |16|, —el (ee 


Hence c= (2m*—3) + EX? _ ame, forl; +7; = 8; 
also e = (2m—3)+ CXD=} Lom 2, forl; +r; =3. 


Since c is invariant we have 2m* = 2m —2, thus m* =m-1. 


Now, z=cA+6=10m-9, since c=2m-2,A=5,6=1. 
So the values for Peomponent are: 
z+4A— 2(l;+7;) 


(z) Pcomponent = a 
2 tee eS 1 for lg+7r; =8; 
and 
(i) Proponent = 2 4A aa +17;) 
= Se ESE NY om +1, for Ii; +7;=3. 
Finally, 


Protat = P= z2+2A—2=10m—9+(2x5)—-2=10m—-1. 
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— A Standard Herringbone Pineapple Knot 


Fig. 24 (top) 
Fig. 25 (bottom) 
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— A Standard Herringbone Pineapple Knot 


Fig. 26 (top) 
Fig. 27 (bottom) 
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The first-return string-runs determining the five components are therefore as follows: 


1 
> Peomp = 2m+1 (z = 10m — 9) 
1 
2 
2 
3 
> Pomp = 2m—1 (z = 10m — 9) 
3 
4 
Peomp = 2m—1 (z = 10m — 9) 
4- 
5 
> Promp = 2m—1 (z = 10m — 9) 
5 


With the above constraints, we are finally free to choose any non-negative integer 
value for m. 


For m = 2 we obtain 2m + 1=5 and 2m-—-1=3. 


Thus e=2 and z=11 
Pcomp = 5 and Peomp = 3; Prorat = P =(5 x 2) + (3 x 3) =19. 


B* and Peomponent have to be coprime, thus B* should not have 3 or 5 as a divisor. 


For m = 3 we obtain 2m + 1=7 and 2m—-1=5. 


Thus reef and z= 21 
Promp =a and Peomp = 5; Fistal =P = 20:. 


B* and P-omp have to be coprime, thus B* should not have 5 or 7 as a divisor. 
(These cases are illustrated in Figs. 24,25 and Figs. 26, 27.) 


We can readily prove that all Standard Herringbone Pineapple Knots consist of a set 
of interwoven Turk’s Head Knots, each having an odd number of parts, and B* bights. 

In general the interwoven Turk’s Head Knots form two sets, one set in which each 
knot (component) has a number of parts equal to (2m — 1), and the other set in which 
each knot (component) has (2m + 1) parts. 
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There is a special case wherein all the interwoven Turk’s Head Knots have the same 
odd number of parts. This occurs when the Standard Herringbone Pineapple Knot has 
a half-cycle running from the left bight-boundary 1 to the right bight-boundary A. 


It is often stated in books on knots and braiding that a (herringbone-coded) Pineap- 
ple Knot is formed by interbraiding Turk’s Head Knots which have an odd number of 
parts. This is, however, not a necessity; we can form herringbone-coded Pineapple Knots 
by interbraiding Turk’s Head Knots which have an even number of parts, although these 
Pineapple knots do not belong to the sub-family of the Standard Herringbone Pineapple 
Knots, but instead belong to the sub-family of the Semi-Perfect Herringbone Pineapple 
knots. We will treat these in a later volume. 
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THE ALGORITHM-TABLES 
FOR THE STANDARD 
HERRINGBONE PINEAPPLE KNOTS 


Layout of Algorithm-tables 


Before studying this chapter, the reader should be thoroughly familiar with the 
contents of pages 6 to 11 of Chapter 2, in order to have acquired a good understanding 
of the layout of the grid-diagrams of Regular-Nested Cylindrical Braids. It is advisable, 
but not essential, to study the other material which precedes this Chapter. 


Any Standard Herringbone Pineapple Knot may be constructed by means of algo- 
rithms obtained from their universal Algorithm-tables. In order to understand how 
these Algorithm-tables work, it is necessary to study their general layout. 


Any Standard Herringbone Pineapple Knot is produced by the interbraiding of 
Turk’s Head Knots, all having the same number of bights, in a specific way. These 
Turk’s Head Knots must have an odd number of parts; and they either have all the 
same odd number of parts, or else they form two sets. The members within a set all 
have the same odd number of parts. Thus there are two different odd part numbers, 
one for each set. These, two, odd part numbers in the respective sets differ by 2. 
Hence, either each of the interbraided Turk’s Head Knots has (2m — 1) parts, or else, 
the interbraided Turk’s Head Knots divide into two sets, such that each member of one 
set has (2m — 1) parts and each member of the other set has (2m + 1) parts. 


We shall describe the general layout of the Algorithm-tables with the aid of the table 
in Fig.28. The number of parts of an interbraided Turk’s Head Knot is indicated by 
the value of the letter s printed above each table. 


The crossings along a half-cycle in a completed Standard Herringbone Pineapple 
Knot can be divided into sets of crossings, whereby the crossings of a set are all adjacent 
and possess the same coding. 
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The number of sets of crossings associated with the interbraiding of a Turk’s Head 
Knot is always equal to the number of parts of this interbraided Turk’s Head Knot, 
hence equal to the value of s. 


Fig. 28 — General layout of the Algorithm-tables. 


The first row in the tables gives the various set numbers associated with the Turk’s 
Head Knot in question, and in the second row the coding of the crossings belonging to 
each set is indicated immediately below the appropriate set. 


The third row in the tables consists in fact of two rows: the upper one, referring 
to a lower-left to upper-right half-cycle, and the lower one, referring to a lower-right to 
upper-left half-cycle. Here ‘Z’ is the numerical-value of the left-hand bight-boundary 
and ‘R’ is the numerical value of the right-hand bight-boundary of the respective half- 
cycle. The reference values ‘Z — 1’, ‘R — 1’ and ‘A — 1’ can be calculated by using 
the appropriate values for ‘L’, ‘R’ and ‘A’ associated with the Standard Herringbone 
Pineapple Knot which results after the Turk’s Head Knot under consideration has been 
interbraided. Note that the entries ‘A — 1’ apply to both half-cycles. 


The braiding algorithm for the first half-cycle is always as indicated in the general 
table for this first half-cycle: 
(L-—1)u — (A-—1)o — (A-1)u —+-+--— (A-—1)u - (A-1)o —- (R-1)u. 
The general table entries for the remaining half-cycles depend on the values of s and 
B*. Note however that the last entry for each half-cycle depends on the values of ‘L’ 
and ‘R’ only. 
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Parameter formulae 


From the above, the reader will have observed that before we can start with the 
construction of a Standard Herringbone Pineapple Knot, we have to know the values 
for the parts of the interbraided Turk’s Head Knots (the values for s). (The value of 


B* will in practice have been chosen by the braider from the outset.) 


Let us assume that the values for A and Pio1g1 = P are given, and let us further 
assume that the Standard Herringbone Pineapple Knot consists of a; interbraided Turk’s 
Head Knots, each having (2m — 1) parts, and az interbraided Turk’s Head Knots, each 


having (2m + 1) parts, where m is a positive integer. 


It will be evident that one of these two sets of interbraided Turk’s Head Knots may 
be empty, or, in other words, a; or az may be zero; in such case we can always choose 


a2 to be zero. 


Thus we obtain: 


When A is odd, then a; and az are of opposite parity, and hence P is odd. 


When A is even, then a; and az are of the same parity, and hence P is even. 


A=a,+42, 


P = a;(2m — 1) + a2(2m +1) = 2m-A+t (a2 — a). 


The relationship P=2m-A+(a2—a1) gives us: 


Furthermore 


Thus 


Since 


Hence 


or 


_ P-(a—4) 
2A : 
\P|, =laz—ail,- 
|P|,=@2—a, whenl <a; <a2,0r 
IP|, =A+(a2—a1) when a; >a, 20. 
a2 = A—a, wecan write : 

|P|,=A-—2a, when 1 <a; <a2,0r 
|[P|, =2A-—2a,; whena,; >a,2>0. 


5 25 Arete 
2 
ay = A-a, = S41Plu when 1 <a; <az, 
P=|P| 
n= 
s A 
_- thE ba 
a 2 
ay = A-ay = la when a, > az2>0. 
oni ts Ha Play 


A 
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For A and P both odd: 


Since a; has to be an integer, it follows that: 


“i, —|P 
For |P|, is odd: a, = Sola; g, = Ate and 2m £ La 
2 —|P 
For |P|, is even: a, get and ptt Ie 
2 2 A 
For A and P both even: 
|P|, =even 
am = P= (0241) _ even 
Hence: wis Ree 
a, = ATPla | g, = Atle when 2m = 7 —lPla — even, 
a, = 24a Pla sg = Fla when 2m = > Pla 1 = even. 


The above formulae enable us to calculate the values of the important parameters of 
the interbraided Turk’s Head Knots which make up a particular Standard Herringbone 
Pineapple Knot. These are the values for a; with s = 2m—1, and for az with s = 2m+1 
when az is greater than zero. 

Thus in general we will have to use two tables during the construction of a Standard 
Herringbone Pineapple Knot; one in which s = 2m—1 and the other in which s = 2m+1. 
For this reason we have printed (at the end of this Chapter) two consecutive tables on 
each of the table-pages, unless the value of B* is such that there are no two consecutive 
s values which are both coprime with it. (Recall that s is the value of Peomponent , and 
that B* must be coprime to this; see Chapter 4, page 28.) 


Before we can use these tables, we have to know how the interbraided Turk’s Head 
Knots are positioned in the Standard Herringbone Pineapple Knot under consideration. 
This positioning we can schematically illustrate in a diagram as given in Fig. 29, where, 
from each interbraided Turk’s Head Knot, only a half-cycle from lower-left to upper- 
right is displayed. 

In general we have az Turk’s Head Knots, each with s = 2m+1 parts. Their lower- 
left to upper-right half-cycles start at the left bight-boundaries 1,2,3,---,(a2 — 1), a2 
and run to the respective right bight-boundaries a2, (a2 — 1),(a2 — 3),---,2,1. 

The a; lower-left to upper-right half-cycles of the Turk’s Head Knots, each with 
$s = 2m-—1 parts, start at the left bight-boundaries (a2+1), (a2+2),(a2+3),---,(A—1),A 
and run to the respective right bight-boundaries A,(A—1),(A—2),---,(a@2+2),(a2+1). 

When a2 = 0 (hence the Standard Herringbone Pineapple Knot consists of a; = A 
interbraided Turk’s Head Knots, each with s = 2m-—1 parts) the reader will observe that 
the half-cycles from lower-left to upper-right of these Turk’s Head Knots start at the left 
bight-boundaries 1, 2,3,---,(A —1), A and run to the respective right bight-boundaries 
A,(A —1),(A —2),---,2,1. This is illustrated in Fig. 30. 


It is important to note here that an A-pass Standard Herringbone Pineapple Knot 
can be braided in A! different ways (A! stands for the answer to the multiplication 
1x2x3x4x---x(A-—2)x(A-—1)x A; for example 5!=1x2x3x4x5=120). 
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Fig. 30 — a2 = 0 and hence a; = A with s = 2m-1. 


After our discussion of the general table layout, the calculation of the interwoven 
Turk’s Head Knot parameters and the schematic diagram illustrating their positioning, 
we are now able to show, step by step, the actual construction of a Standard Herringbone 
Pineapple Knot. We do this by means of example calculations, making use of Algorithm- 
tables which are given at the end of this Chapter. 
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Worked examples 


Example 1: 


Suppose that we want to braid a 2-Pass Standard Herringbone Pineapple Knot 
(hence A = 2), with B* = 4 and P=12. 


Thus P=12=even, 
|P|, =|12|, =0, 
am = 2 HP la _ 0 6 = even. 
ay = ATP la 240 Wy. 


Furthermore 2m—-1=6-1=5 and 2m+1=6+1=7. 


This Standard Herringbone Pineapple Knot consists of two sets of interbraided 
Turk’s Head Knots; one set consists of 1 Turk’s Head Knot with 5 parts and the other 
set consists of 1 Turk’s Head Knot with 7 parts. The positioning is therefore as shown 
in Fig. 31. 


Fig. 31 — The positioning of the interbraided Turk’s Head Knots. 


Since A = 2 we can braid this Standard Herringbone Pineapple Knot in 2! = 2 
different ways. We shall discuss in detail these 2 different ways. 


The grid-diagram (string-run only) of this Standard Herringbone Pineapple Knot 
together with the first-return string-runs of the two interbraided Turk’s Head Knots 
(components) is given in the left diagram of Fig. 32. 

Adjacent bight-boundaries are always two columns apart, and the value of z can 
readily be obtained from the relationship P = z+2A—2, which gives r = P—2A+42. 
Hence for our example we obtain z = 12 — (2 x 2) +2 = 10; this means that the 
distance between the left bight-boundary ‘2’ and the right bight-boundary ‘2’ is equal 
to 10 columns. The distance between the top horizontal line and the bottom horizontal 
line is equal to A- B* bight-units (1 bight-unit is equal to 2 rows); hence in our example 
there are 2x4 = 8 bight-units. The grid-diagram (string-run and coding) of our example 
Standard Herringbone Pineapple Knot is given in the right diagram of Fig. 32. 
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Fig. 32 — The Standard Herringbone Pineapple Knot of example 1. 


It is recommended that the reader draws up some grid-diagrams of different Standard 
Herringbone Pineapple Knots on Isometric graph paper (see Ref. [1]). 


(i) Let us assume that we want to braid the given Standard Herringbone Pineapple 
Knot in the following way: 

Step 1. — Braid the component with half-cycle 1 —+1. 

Step 2. — Braid the component with half-cycle 2 — 2. 


The component in ‘Step 1’ is the foundation Turk’s Head Knot and the component in 
‘Step 2’ is the interwoven Turk’s Head Knot. Fig. 33 gives their respective grid-diagrams. 


! 2 2 1 ! 2 2 1 


Foundation Turk's head Interwoven Turk’s head 
7p/4b 5p/4b 


Fig. 33 — The interbraided Turk’s Head Knots. 


When ‘Step 1’ is completed we have braided a Turk’s Head Knot with 4-bights 
and 7-parts. This knot, the foundation Turk’s Head Knot, can also be regarded as a 
Standard Herringbone Pineapple Knot with A = 1 and B* = 4. Since A = 1 the left 
bight-boundary as well as the right bight-boundary of this knot carries the number 1; 
hence in the table which will supply us with the braiding algorithm for this knot the 
value of ‘ZL’ is 1 and the value of ‘R’ is 1. Furthermore the value of ‘A’ is 1; the value 
of ‘B*’ is 4 and the value of ‘s’ is 7. 

The position of a half-cycle from lower-left to upper-right belonging to this knot is 
schematically given together with the values for Z , R and A in the left diagram of 
Fig. 34. 
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Fig. 34 — The position of a left to right half-cycle of the 
. foundation and the interwoven Turk’s Head Knots. 


After substitution of A= 1, Z=1, R =1 in the Algorithm-table for B* = 4,3 =7 
we obtain L—1=0, R—1=0, A—1=0 and hence the lower table of Fig. 35 results. 
This table supplies us with the following braiding algorithm associated with ‘Step 1’: 


/: L—R : free run. 

2: R—L: o. 

3. L—R: o. 

4. R—L: u-o-u. 

5. L—R: u-o-u. 

6. R—L: u-—-20-u-o. 

a L—R: u-20-u-o. 

8. R—L: u-o-u-o-u-o. 


The respective grid-diagrams associated with the above half-cycles are given in 
Fig. 36. 

After completion of ‘Step 1’, we are ready to start with ‘Step 2’, which is the in- 
terbraiding of the Turk’s Head Knot with s = 5 parts. When this interbraiding is 
completed, we have two left bight-boundaries and two right bight-boundaries; hence 
A = 2. In the grid-diagram belonging to the Standard Herringbone Pineapple Knot 
which is obtained after the completion of the Steps 1 and 2, a lower-left to upper-right 
half-cycle of the ‘Step 1’ Turk’s Head Knot runs from the left bight-boundary 1 to the 
right bight-boundary 1, and a lower-left to upper-right half-cycle of the ‘Step 2’ Turk’s 
Head Knot runs from the left bight-boundary 2 to the right bight-boundary 2. Hence 
for the ‘Step 2’ Turk’s Head Knot the value for ‘Z’ is 2 and the value for ‘R’ is 2, with 
A=2ands=5. 

The positions of the half-cycles from lower-left to upper-right belonging to the 
‘Step 1’ and ‘Step 2’ Turk’s Head Knots are schematically illustrated, together with 
the values for Z, R and A, in the right diagram of Fig. 34. 
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A=2: 4*0:; B°=4: P=12: x=10 


Foundation Turk’s head 7p/4b 


Half-cycle 2 


Half-cycle 1 


Half-cycle 4 


Half-cycle 3 


Half-cycle 6 


Half-cycle 5 


Half-cycle 8 


Haif-cyclie 7 


s Head Knot. 


Fig. 36 — The half-cycles in the braiding of the foundation Turk’ 
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Fig. 37 — The half-cycles in the braiding of the interwoven Turk’s Head Knot. 
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After substitution of A= 2, L =2, R =2 in the Algorithm-table for B* = 4, s =5 
we obtain L—1=1, R-1=1, A—1=1 and hence the upper table of Fig. 35 results. 
This table supplies us with the following braiding algorithm associated with ‘Step 2’: 
ILD—-R: u-o-u-o-u. 
R—L: u-o-u-20-u. 
ILT—R: u-—o-u—20-u. 
R—L: u-—o-—2u-—-20-u. 
L—R: u-—o-—2u-20-u. 
R—-L: u-—20-—2u-—20-u. 
L—R: u-—20-—2u-20-u. 
R—L : 2u-—20-—2u-—20-u. 


PSS SMe rs 


The respective grid-diagrams associated with the above half-cycles are given in 
Fig. 37. 


(ii) Let us now assume that we want to braid the given Standard Herringbone Pineap- 
ple Knot in the following way: 

Step 1. — Braid the component with half-cycle 2 —> 2. 

Step 2. — Braid the component with half-cycle 1 —> 1. 


The component in ‘Step 1’ is the foundation Turk’s Head Knot and the component in 
‘Step 2’ is the interwoven Turk’s Head Knot. Fig. 38 gives their respective grid-diagrams. 


1 2 2 1 1 2 2 1 


Foundation Turk’s head Interwoven Turk’s head 
5p/4b 7p/4b 


Fig. 38 — The interbraided Turk’s Head Knots. 


When ‘Step 1’ is completed we have braided a Turk’s Head Knot with 4-bights 
and 5-parts. This knot, the foundation Turk’s Head Knot, can again be regarded as a 
Standard Herringbone Pineapple Knot with A = 1 and B* = 4. Since A = 1 the left 
bight-boundary as well as the right bight-boundary of this knot carries the number 1; 
hence in the table which will supply us with its braiding algorithm, the value of ‘L’ is 
1 and the value of ‘R’ is 1. Furthermore the value of ‘A’ is 1; the value of ‘B*’ is 4 and 
the value of ‘s’ is 5. 

The position of a half-cycle from lower-left to upper-right belonging to this knot is 
schematically given, together with the values for L , R and A, in the left diagram of 
Fig. 39. 
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Fig. 39 — The position of a left to right half-cycle of the 
; foundation and the interwoven Turk’s Head Knots. 


After substitution of A=1, Z=1, R=1 in the Algorithm-table for B* = 4, 3 =5 
we obtain T—1=0, R—1=0, A—1=0 and hence the upper table of Fig. 40 results. 
This table supplies us with the following braiding algorithm associated with ‘Step 1’: 


i; L—R : free run. 

2. R—L: o. 

3. L—R: o. 

4, R—-L: u-o. 

5. L—R: u-o. 

6. R—L: o-u-o. 

ts L—R: o-u-o. 

8. R—L: u-o-u-o. 


The respective grid-diagrams associated with the above half-cycles are given in 
Fig. 41. 

After completion of ‘Step 1’, we are ready to start with ‘Step 2’, which is the in- 
terbraiding of the Turk’s Head Knot with s = 7 parts. When this interbraiding is 
completed, we have two left bight-boundaries and two right bight-boundaries; hence 
A = 2. In the grid-diagram belonging to the Standard Herringbone Pineapple Knot 
which is obtained after the completion of the Steps 1 and 2, a lower-left to upper-right 
half-cycle of the ‘Step 1’ Turk’s Head Knot runs from the left bight-boundary 2 to the 
right bight-boundary 2, and a lower-left to upper-right half-cycle of the ‘Step 2’ Turk’s 
Head Knot runs from the left bight-boundary 1 to the right bight-boundary 1. Hence 
for the ‘Step 2’ Turk’s Head Knot the value for ‘ZL’ is 1 and the value for ‘R’ is 1, with 
A=2ands=7. 

The positions of the half-cycles from lower-left to upper-right belonging to the 
‘Step 1’ and ‘Step 2’ Turk’s Head Knots are schematically illustrated, together with 
the values for ZL, R and A, in the right diagram of Fig. 39. 
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Fig. 40 — The resulting Algorithm-tables. 
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Foundation Turk's head 5p/4b 


Half-cycie 1 Half-cycle 2 


Half-cycie 7 Half-cycle 8 


Fig. 41 — The half-cycles in the braiding of the foundation Turk’s Head Knot. 
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Interwoven Turk’ s head 7p/4b 


B*=4; P<12: x*10 


Haif-ocyole 2 


Half-cyole 1 


Half-cycie 4 


Haif-cycle 3 


Haif-oycie 6 


Half-cycie 5 


-oycle 8 


Half-oycle 7 


Fig. 42 — The half-cycles in the braiding of the interwoven Turk’s Head Knot. 
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After substitution of A= 2, LZ =1, R=1 in the Algorithm-table for B* = 4, s =7 
we obtain Z—1=0, R—1=0, A—1=1 and hence the lower table of Fig. 40 results. 
This table supplies us with the following braiding algorithm associated with ‘Step 2’: 


i L—R: o-u-o-u-o. 

2 R—L: o-u-220-u-o. 

3. L—R: o-u-—-20-u-o. 

4. R—L: u-o-u-—-20-2u-o. 
5. L—R: u-—o-u-20—-2Qu-o. 
6. R—L: u-20-—u—20—2u—20. 
Oe LE—R: u-20-—u—20—-2u— 20. 
8. R—L : u—20—2u—20—2u —2o. 


The respective grid-diagrams associated with the above half-cycles are given in 
Fig. 42. 


Example 2: 
Suppose that we want to braid a 5-Pass Standard Herringbone Pineapple Knot 
(hence A = 5), with B* = 4 and P = 29. 
Thus P = 29:= odd’, 
IP|, = |29|, =4 = even. 


2A-|P|,  (2x5)—4__ 


H = 
ence ay 5 5 oy 
2 2 
P—'|P| 29 -—4 
2m = Aij= 1= 
m rT 5 6 
Hence 2m—1=5 and 2m+1=7. 


This Standard Herringbone Pineapple Knot consists of two sets of interbraided 
Turk’s Head Knots; one set consists of 3 Turk’s Head Knots each with 5 parts, and 
the other set consists of 2 Turk’s Head Knots each with 7 parts. The positioning is 
therefore as shown in Fig. 43. 


ies ve 3-4 SS 5. 44% Bee I 
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Fig. 43 — The positioning of the interbraided Turk’s Head Knots. 
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Since A = 5 we can braid this Standard Herringbone Pineapple Knot in 5! = 120 
different ways. We shall discuss in detail two out of these 120 different ways. This 
should provide the reader with a thorough grounding in these new methods, so that he 
will be able to braid any Standard Herringbone Pineapple Knot with ease. 


The grid-diagram (string-run and coding) of this Standard Herringbone Pineapple 
Knot together with the first-return string-runs of the five interbraided Turk’s Head 
Knots (components) is given in Fig.44. As mentioned before, it is essential that, for 
a good understanding, the reader draws up some grid-diagrams of different Standard 
Herringbone Pineapple Knots on Isometric graph paper (see Ref. [1]). 
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Fig. 44 — The Standard Herringbone Pineapple Knot of example 2. 


Adjacent bight-boundaries are always two columns apart and the value of z can 
readily be obtained from the relationship P = z+ 2A -—2, which gives zx = P—2A+2. 
Hence in our example z = 29 — (2 x 5) + 2 = 21; this means that the distance between 
the left bight-boundary ‘5’ and the right bight-boundary ‘5’ is equal to 21 columns. 
The distance between the top horizontal line and the bottom horizontal line is equal 
to A- B* bight-units (1 bight-unit is equal to 2 rows); hence in our example there are 
5 x 4 = 20 bight-units. The string-run of our example Standard Herringbone Pineapple 
Knot is given in Fig. 45. 


(i) Let us assume that we want to braid the given Standard Herringbone Pineapple 
Knot in the following way: 

Step 1. — Braid the component with half-cycle 1 — 2. 

Step 2. — Braid the component with half-cycle 2 — 1. 

Step 3. — Braid the component with half-cycle 3 — 5. 

Step 4. — Braid the component with half-cycle 4 —> 4. 

Step 5. — Braid the component with half-cycle 5 — 3. 
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Fig. 45 — The string-run of example 2. 


The string-runs of the Steps 1,2,3,4,5 within the complete string-run of this Stan- 


dard Herringbone Pineapple Knot are given in the Figs. 46, 47, 48, 49, 50. 


AeS; S20; 64; P20: x<2ts Plat th? off 0s Pag aSts off) 


Fig. 46 — String-run of Step 1 (solid line). 
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Fig. 47 — String-run of Step 2 (solid line). 
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As5: AsO: B°=#4: P#29: X=21: Pogpgt7(2 off); 


Prong "513 of f) 


Fig. 48 — String-run of Step 3 (solid line). 
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A=5: 3:0: B*=4; P#29; K=21: Prompt 762 off); Pug 5(3 off) 


Fig. 49 — String-run of Step 4 (solid line). 


A=5: B=0: B°=4; P=29: x*21: Piast ITO: Fagg StS OFF 1 


Fig. 50 — String-run of Step 5 (solid line). 
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When ‘Step 1’ is completed we have braided a Turk’s Head Knot with 4-bights and 
7-parts. This knot can also be regarded as a Standard Herringbone Pineapple Knot 
with A =1 and B* = 4. Since A = 1 the left bight-boundary as well as the right bight- 
boundary of this knot carries the number 1; hence in the table which will supply us 
with its braiding algorithm, the value of ‘Z’ is 1 and the value of ‘R’ is 1. Furthermore 
the value of ‘A’ is 1; the value of ‘B*’ is 4 and the value of ‘s’ is 7. 


vnguna 


Fig.51 — The positioning of the left to right half-cycles in the five Steps. 
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The position of a half-cycle from lower-left to upper-right belonging to this knot is r 
schematically given, together with the values for L, R and A, in the upper left diagram 
of Fig. 51. 


After substitution of A=1, Z=1, R=1 in the Algorithm-table for B* = 4, s =7 
we obtain L—1=0, R—-1=0, A—1 =0 and hence the lower table of Fig. 52 results. 
| Fe 
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Fig.52 — Algorithm-tables for Step 1 and Step 3. 
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This table supplies us with the following braiding algorithm associated with ‘Step 1’: 


L—R-: free run. 
R—-L: o. 
L—R: o. 
R—L: u-o-u. 


L—R: u-o-u. 

R—L : u-—20-u-o. 
L—R: u-—-20-u-o. 
R—L: u-o-u-o-u-o. 
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After completion of ‘Step 1’, we are ready to start with ‘Step 2’, which is the in- 
terbraiding of the Turk’s Head Knot with s = 7 parts. When this interbraiding is 
completed, we have two left bight-boundaries and two right bight-boundaries; hence 
A = 2. In the grid-diagram belonging to the Standard Herringbone Pineapple Knot 
which is obtained after the completion of the Steps 1 and 2, a lower-left to upper-right 
half-cycle of the ‘Step 1’ Turk’s Head Knot’ runs from the left bight-boundary 1 to the 
right bight-boundary 2, and a lower-left to upper-right half-cycle of the ‘Step 2’ Turk’s 
Head Knot’ runs from the left bight-boundary 2 to the right bight-boundary 1. Hence 
for the ‘Step 2’? Turk’s Head Knot’ the value for ‘ZL’ is 2 and the value for ‘R’ is 1, with 
A=2and s=7. 

The positions of the half-cycles from lower-left to upper-right belonging to the 
‘Step 1’ and ‘Step 2’ Turk’s Head Knots are schematically illustrated, together with 
the values for Z, R and A, in the upper-right diagram of Fig. 51. 

After substitution of A= 2, LT =2, R =1 in the Algorithm-table for B* = 4,3 =7 
we obtain L—1=1, R-1=0, A—1=1 and hence the lower table of Fig. 53 results. 

This table supplies us with the following braiding algorithm associated with ‘Step 2’: 


1. L—R: u-o-u-o-u-o. 

2. R—L: o-u-—-20-—u-o-u. 

3. LE—R: u-—o-u-220-u-o. 

4. R—-L: u-—-o-u-—-20—2u-—o-u. 
5. L—R: 2u-—o-—u—20-—2Qu-o. 

6. R—-L: u-—20-—u-—20-—2u—20-u. 
cm [L—R: 2u-—20-—u-—20-2u—-2o0. 

8. R—L: u-—20-—2u-—20-2u—20-—u. 


After completion of ‘Step 2’, we are ready to start with ‘Step 3’, which is the in- 
terbraiding of the Turk’s Head Knot with s = 5 parts. When this interbraiding is 
completed, we have three left bight-boundaries and three right bight-boundaries; hence 
A = 3. In the grid-diagram belonging to the Standard Herringbone Pineapple Knot 
which is obtained after the completion of the Steps 1,2 and 3, a lower-left to upper- 
right half-cycle of the ‘Step 1’ Turk’s Head Knot runs from the left bight-boundary 1 to 
the right bight-boundary 2, a lower-left to upper-right half-cycle of the ‘Step 2’ Turk’s 
Head Knot runs from the left bight-boundary 2 to the right bight-boundary 1, and a 
lower-left to upper-right half-cycle of the ‘Step 3’ Turk’s Head Knot runs from the left 
bight-boundary 3 to the right bight-boundary 3. Hence for the ‘Step 3’ Turk’s Head 
Knot the value for ‘Z’ is 3 and the value for ‘R’ is 3, with A=3ands=5. 

The positions of the half-cycles from lower-left to upper-right belonging to the Steps 
1,2 and 3 Turk’s Head Knots are schematically illustrated, together with the values for 
L, Rand A, in the left diagram of the centre row in Fig. 51. 
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Fig.53 — Algorithm-tables for Step 2 and Step 4. 
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After substitution of A=3, ZL =3, R=3 in the Algorithm-table for B* = 4,8 =5 
we obtain L—1=2, R-1=2, A—1=2 and hence the upper table of Fig. 52 results. 
This table supplies us with the following braiding algorithm associated with ‘Step 3’: 


1. L—R: 2u—20-—2u—20-—2u. 
R—L: 2u—20-—2u—30-2u. 
L—-R: 2Qu—20-—2u—30-2u. 
R—L: 2Qu—20-—3u-—30-2u. 
IL—R: 2u-—20-—3u-—30-2u. 
R—L : 2u—30—3u-—30—2u. 
IL—R: 2Qu—30—3u—30-2u. 
R—L: 3u-—30-3u—30-—2u. 


SAA AAW 


After completion of ‘Step 3’, we are ready to start with ‘Step 4’, which is the in- 
terbraiding of the Turk’s Head Knot with s = 5 parts. When this interbraiding is 
completed, we have four left bight-boundaries and four right bight-boundaries; hence 
A = 4. In the grid-diagram belonging to the Standard Herringbone Pineapple Knot 
which is obtained after the completion of the Steps 1,2,3 and 4, a lower-left to upper- 
right half-cycle of the ‘Step 1’ Turk’s Head Knot runs from the left bight-boundary 
1 to the right bight-boundary 2, a lower-left to upper-right half-cycle of the ‘Step 2’ 
Turk’s Head Knot runs from the left bight-boundary 2 to the right bight-boundary 1, 
a lower-left to upper-right half-cycle of the ‘Step 3’ Turk’s Head Knot runs from the 
left bight-boundary 3 to the right bight-boundary 4, and a lower-left to upper-right 
half-cycle of the ‘Step 4’ Turk’s Head Knot runs from the left bight-boundary 4 to the 
right bight-boundary 3. Hence for the ‘Step 4’ Turk’s Head Knot the value for ‘L’ is 4 
and the value for ‘R’ is 3, with A=4ands=5. 

The positions of the half-cycles from lower-left to upper-right belonging to the Steps 
1,2,3 and 4 Turk’s Head Knots are schematically illustrated, together with the values 
for L, Rand A, in the right diagram of the centre row in Fig. 51. 

After substitution of A= 4, ZL = 4, R = 3 in the Algorithm-table for B* = 4,5 =5 
we obtain L—1=3, R—1=2, A—1=3 and hence the upper table of Fig. 53 results. 

This table supplies us with the following braiding algorithm associated with ‘Step 4’: 


qe L—R: 3u—30-—3u—30-—2u. 
R—L: 2u—30—3u—4o0-3u. 
L—R: 3u—30-—3u—40-2u. 
R—L : 2u-30—4u—40-3u. 
L—R: 3u-30-—4u—40-2u. 
R—L: 2u—40-—4u—4o0-3u. 
L—R: 3u-—4o0—4u—4o0-2u. 
R—L: 3u-—40-—4u—40-—3u. 
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After completion of ‘Step 4’, we are ready to start with ‘Step 5’, which is the in- 
terbraiding of the Turk’s Head Knot with s = 5 parts. When this interbraiding is 
completed, we have five left bight-boundaries and five right bight-boundaries; hence 
A = 5. In the grid-diagram belonging to the Standard Herringbone Pineapple Knot 
which is obtained after the completion of the Steps 1,2,3,4 and 5, a lower-left to upper- 
right half-cycle of the ‘Step 1’ Turk’s Head Knot runs from the left bight-boundary 
1 to the right bight-boundary 2, a lower-left to upper-right half-cycle of the ‘Step 2’ 
Turk’s Head Knot runs from the left bight-boundary 2 to the right bight-boundary 1, 
a lower-left to upper-right half-cycle of the ‘Step 3’ Turk’s Head Knot runs from the 
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left bight-boundary 3 to the right bight-boundary 5, a lower-left to upper-right half- 
cycle of the ‘Step 4’ Turk’s Head Knot runs from the left bight-boundary 4 to the right 
bight-boundary 4, and a lower-left to upper-right half-cycle of the ‘Step 5’ Turk’s Head 
Knot runs from the left bight-boundary 5 to the right bight-boundary 3. Hence for the 
‘Step 5’ Turk’s Head Knot the value for ‘Z’ is 5 and the value for ‘R’ is 3, with A = 5 
ands=5. 

The positions of the half-cycles from lower-left to upper-right belonging to the Steps 
1,2,3,4 and 5 Turk’s Head Knots are schematically illustrated, together with the values 
for L , Rand A, in the lower left diagram of Fig. 51. 

After substitution of A=5, DT =5, R =3 in the Algorithm-table for B* = 4, s =5 
we obtain ZT—1=4, R-—1=2, A—1=4 and hence the table of Fig. 54 results. 
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Fig. 54 — Algorithm-tables for Step 5. 


This table supplies us with the following braiding algorithm associated with ‘Step 5’: 
L—R: 4u—40—4u—4o0-—2u. 
R—L: 2u—40-—4u—50—4u. 
IL—R: 4u-—40—4u-—50-—2u. 
R—L: 2u—40-5u—-—50—4u. 
LE—R: 4u—40—5u—50-—2u. 
R—L: 2u—50-—5u—50—4u. 
L—R: 4u—50—-—5u—50-—2u. 
R—L: 3u-—50—-5u—50—4u. 


eae ee I 
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(ii) Let us now assume that we want to braid the given Standard Herringbone Pineap- 
ple Knot in the following way: 

Step 1. — Braid the component with half-cycle 3 — 5. 

Step 2. — Braid the component with half-cycle 1 —> 2. 

Step 3. — Braid the component with half-cycle 5 — 3. 

Step 4. — Braid the component with half-cycle 2 — 1. 

Step 5. — Braid the component with half-cycle 4 — 4. 


The string-runs of the Steps 1,2,3,4,5 within the complete string-run of this Stan- 
dard Herringbone Pineapple Knot are given in the Figs. 55, 56, 57, 58, 59. 


A=5; AsO: B°=4: P=29: X=21: Propet 742 Off): Prog" 5(3 of f) 


Fig. 55 — String-run of Step 1 (solid line). 
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Fig. 56 — String-run of Step 2 (solid line). 
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s 
As5; 40; B <4: P-29: x=21;°PyyeTlnorfi: Plo Sts off) 


Fig.57 — String-run of Step 3 (solid line). 


A+5:; +0; B°=4; P=29; x=21: Pag (2 ore; Pl ots oft 


Fig. 58 — String-run of Step 4 (solid line). 
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A=5: 4:0: B*=4: P#29: x=21; 


Pron 762 off): Pang *5¢3 off) 
Fig. 59 — String-run of Step 5 (solid line). 


When ‘Step 1’ is completed we have braided a Turk’s Head Knot with 4-bights and 
5-parts. This knot can again be seen as a Standard Herringbone Pineapple Knot with 
A = 1 and B* = 4. Since A = 1 the left bight-boundary as well as the right bight- 
boundary of this knot carries the number 1; hence in the table which will supply us 
with its braiding algorithm, the value of ‘Z’ is 1 and the value of ‘R’ is 1. Furthermore 
the value of ‘A’ is 1; the value of ‘B*’ is 4 and the value of ‘s’ is 5. 

The position of a half-cycle from lower-left to upper-right belonging to this knot is 
schematically given, together with the values for ZL, R and A, in the upper left diagram 
of Fig. 60. 

After substitution of A=1, ZL =1, R =1 in the Algorithm-table for B* = 4,5 =5 
we obtain L—1=0, R-1=0, A—1=0 and hence the upper table of Fig. 61 results. 

This table supplies us with the following braiding algorithm associated with ‘Step 1’: 


i, [L—R _: free run. 
a R-—L: o. 

i L—R: o. 

4. R—-L: u-o. 
3, L—R: u-o. 
6. R—LI: o-u-o. 
We L—R: o-u-o. 
8. 


R—L: u-o-u-o. 
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Fig.60 — The positioning of the left to right half-cycles in the five Steps. 
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Fig. 61 — Algorithm-tables for Step 1 and Step 2. 


L 
aie 
be 


65 


66 


After completion of ‘Step 1’, we are ready to start with ‘Step 2’: the interbraiding of 
the Turk’s Head Knot with s = 7 parts. When this interbraiding is completed, we have 
two left bight-boundaries and two right bight-boundaries; hence A = 2. In the grid- 
diagram belonging to the Standard Herringbone Pineapple Knot which is obtained after 
the completion of the Steps 1 and 2, a lower-left to upper-right half-cycle of the ‘Step 1’ 
Turk’s Head Knot runs from the left bight-boundary 2 to the right bight-boundary 2, 
and a lower-left to upper-right half-cycle of the ‘Step 2’? Turk’s Head Knot runs from 
the left bight-boundary 1 to the right bight-boundary 1. Hence for the ‘Step 2’ Turk’s 
Head Knot the value for ‘Z’ is 1 and the value for ‘R’ is 1, with A= 2 and s=7. 

The positions of the half-cycles from lower-left to upper-right belonging to the 
‘Step 1’ and ‘Step 2’ Turk’s Head Knots are schematically illustrated, together with 
the values for L, R and A, in the upper-right diagram of Fig. 60. 

After substitution of A= 2, [ =1, R=1 in the Algorithm-table for B* = 4, s =7 
we obtain L—1=0, R—1=0, A—1 =1 and hence the lower table of Fig. 61 results. 

This table supplies us with the following braiding algorithm associated with ‘Step 2’: 


IL—R: o-u-o-u-o. 
R—-L: o-u-—-20-u-o. 
IL—-R: o-—u—20-—u-o. 
R—-L: u-—-o-u-—-20-Qu-o. 


L—-R: u-—o-u—20—-2u-o. 

R—L: u—20-—u—20-—2u—2o0. 
L—R: w—20—u—20—2u— 20. 
R—L : u—20-—2u—20-—2u—20. 

After eee of ‘Step 2’, we are ready to start with ‘Step 3’, which is the in- 
terbraiding of the Turk’s Head Knot with s = 5 parts. When this interbraiding is 
completed, we have three left bight-boundaries ana three right bight-boundaries; hence 
A = 3. In the grid-diagram belonging to the Standard Herringbone Pineapple Knot 
which is obtained after the completion of the Steps 1,2 and 3, a lower-left to upper- 
right half-cycle of the ‘Step 1’ Turk’s Head Knot runs from the left bight-boundary 2 to 
the right bight-boundary 3, a lower-left to upper-right half-cycle of the ‘Step 2’? Turk’s 
Head Knot runs from the left bight-boundary 1 to the right bight-boundary 1, and a 
lower-left to upper-right half-cycle of the ‘Step 3’ Turk’s Head Knot runs from the left 
bight-boundary 3 to the right bight-boundary 2. Hence for the ‘Step 3’ Turk’s Head 
Knot the value for ‘Z’ is 3 and the value for ‘R’ is 2, with A=3ands=5. 

The positions of the half-cycles from lower-left to upper-right belonging to the Steps 
1,2 and 3 Turk’s Head Knots are schematically illustrated, together with the values for 
L, Rand A, in the left diagram of the centre row in Fig. 60. 

After substitution of A=3, LT = 3, R =2 inthe Algorithm-table for B* = 4,5 =5 
we obtain L—1=2, R—1=1, A—1=2 and hence the upper table of Fig. 62 results. 

This table supplicn us with thie following braiding algorithm associated with ‘Step 3’: 

i L—R: 2u-—20-2u-—20-u. 
R—L: uw-20-2u—30-2u. 
IZL—R: 2u-—20-2u-—30-u. 
R—L: u-20-3u-—30-2u. 
IL—R: 2u-20-3u-30-u. 
R—L: u-—30-—3u—30-—2u. 
L—R: 2u-—30-3u—30-u. 
R—L : 2u-—30-—3u—30-—2u. 
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Fig. 62 — Algorithm-tables for Step 3 and Step 4. 
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After completion of ‘Step 3’, we are ready to start with ‘Step 4’, which is the in- 
terbraiding of the Turk’s Head Knot with s = 7 parts. When this interbraiding is 
completed, we have four left bight-boundaries and four right bight-boundaries; hence 
A = 4. In the grid-diagram belonging to the Standard Herringbone Pineapple Knot 
which is obtained after the completion of the Steps 1,2,3 and 4, a lower-left to upper- 
right half-cycle of the ‘Step 1’ Turk’s Head Knot runs from the left bight-boundary 
3 to the right bight-boundary 4, a lower-left to upper-right half-cycle of the ‘Step 2’ 
Turk’s Head Knot runs from the left bight-boundary 1 to the right bight-boundary 2, 
a lower-left to upper-right half-cycle of the ‘Step 3’ Turk’s Head Knot runs from the 
left bight-boundary 4 to the right bight-boundary 3, and a lower-left to upper-right 
half-cycle of the ‘Step 4’ Turk’s Head Knot runs from the left bight-boundary 2 to the 
right bight-boundary 1. Hence for the ‘Step 4’ Turk’s Head Knot the value for ‘Z’ is 2 
and the value for ‘R’ is 1, with A=4 ands =7. 

The positions of the half-cycles from lower-left to upper-right belonging to the Steps 
1,2,3 and 4 Turk’s Head Knots are schematically illustrated, together with the values 
for L, Rand A, in the right diagram of the centre row in Fig. 60. 

After substitution of A=4, [T=2, R=1 inthe Algorithm-table for B* =4,s =7 
we obtain Z—1=1, R—1=0, A—1 =3 and hence the lower table of Fig. 62 results. 

This table supplies us with the following braiding algorithm associated with ‘Step 4’: 
IL—R: u—3o0—3u—30-—3u—3o0. 

R—L: 30—3u-—40-—3u-—30-u. 
IL—R: u-—3o0-—3u— 40 —- 3u —3o. 
R—L : u—30-—3u-—40-—4u-—30-u. 
L—R: 2u—30-3u—40-4u —-3o. 
R—L: u-—4o-—3u—40-4u—40-u. 
L—R: 2u-—4o0- 3u—40-—4u—4o. 
R—-L: u—4o0-4u—40-4u-—4o-u. 
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After completion of ‘Step 4’, we are ready to start with ‘Step 5’, which is the in- 
terbraiding of the Turk’s Head Knot with s = 5 parts. When this interbraiding is 
completed, we have five left bight-boundaries and five right bight-boundaries; hence 
A = 5. In the grid-diagram belonging to the Standard Herringbone Pineapple Knot 
which is obtained after the completion of the Steps 1, 2,3,4 and 5, a lower-left to upper- 
right half-cycle of the ‘Step 1’ Turk’s Head Knot runs from the left bight-boundary 
3 to the right bight-boundary 5, a lower-left to upper-right half-cycle of the ‘Step 2’ 
Turk’s Head Knot runs from the left bight-boundary 1 to the right bight-boundary 2, 
a lower-left to upper-right half-cycle of the ‘Step 3’ Turk’s Head Knot runs from the 
left bight-boundary 5 to the right bight-boundary 3, a lower-left to upper-right half- 
cycle of the ‘Step 4’ Turk’s Head Knot runs from the left bight-boundary 2 to the right 
bight-boundary 1, and a lower-left to upper-right half-cycle of the ‘Step 5’ Turk’s Head 
Knot runs from the left bight-boundary 4 to the right bight-boundary 4. Hence for the 
‘Step 5’ Turk’s Head Knot the value for ‘Z’ is 4 and the value for ‘R’ is 4, with A = 5 
ands=5. 

The positions of the half-cycles from lower-left to upper-right belonging to the Steps 
1,2,3,4 and 5 Turk’s Head Knots are schematically illustrated, together with the values 
for L, Rand A, in the lower left diagram of Fig. 60. 

After substitution of A=5, Z=4, R=4in the Algorithm-table for B* = 4, s =5 
we obtain L-—1=3, R—1=3, A—1=4 and hence the table of Fig. 63 results. 
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Fig. 63 — Algorithm-tables for Step 5. 


This table supplies us with the following braiding algorithm associated with ‘Step 5’: 


iL L—R: 3u—4o0-4u —40-3u. 
Ze R—-L: 3u—40-—4u—50—-3u. 
a L—R: 3u-—40-—4u—50—-3u. 
4, R—L: 3u—4e-—5u—50-3u. 
5. L—R: 3u—4o0-5u—5o0—-3u. 
6. R—L: 3u-—50—-—5u—50—-3u. 
4: L—R: 3u-—50—-—5u—50—-3u. 
8. R—>L : 4u—5o0—-—5u—5o0—-3u. 
Algorithm-tables 


The remainder of this Chapter consists of Algorithm-tables, catering for B*-values 
ranging from 3 to 7 inclusive, paired with s-values ranging from 3 to 13 inclusive. 

The method for calculating the entries in the tables is explained in Chapter 7. Using 
this method, the reader may calculate Algorithm-tables for any desired pair of values 
for B* and s. 

As noted earlier (see page 37), the tables which now follow are generally given two 
to a page; the respective s-values are consecutive odd positive integers. 
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CLASSIFYING THE STANDARD 
HERRINGBONE PINEAPPLE KNOTS 
INTO TYPES 


In an A-pass Standard Herringbone Pineapple Knot, a lower-left to upper-right half- 
cycle starting from the left bight-boundary 1 can either run to the right bight-boundary 
1 or 2 or 3 or---or A—1 or A. We note that the right bight-boundary value is equal to 
the value of az when a2 > 0 and is equal to A when az = 0. See page 38 for verification 
of this. 

The position of every half-cycle in a Standard Herringbone Pineapple Knot (relative 
to the left and right bight-boundaries) is determined as soon as the position of the lower- 
left to upper-right half-cycle starting at the left bight-boundary 1 is known. Hence we 
can classify the Standard Herringbone Pineapple Knots with A passes into A Types, 
whereby the Type-number is given by the a2-value when a; > 0 and by the A-value 
when az = 0. 

We shall use the notation S; to denote the Type of Standard Herringbone Pineapple 
Knot which has a half-cycle running from the left bight-boundary 1 to the right bight- 
boundary 1; similarly Sz denotes Standard Herringbone Pineapple Knots which have 
a half-cycle running from the left bight-boundary 1 to the right bight-boundary 2; and 
so on. 

Hence in general S,, denotes Standard Herringbone Pineapple Knots which have a 
half-cycle running from the left bight-boundary 1 to the right bight-boundary a2. The 
Type associated with az = 0 is denoted by Sa. 


Looking back at our examples of chapter 5, we see that the Standard Herringbone 
Pineapple Knot of example 1 is of Type S1, whereas the Standard Herringbone Pineap- 
ple Knot of example 2 is of Type S2. 
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Several methods are in use for braiding Standard Herringbone Pineapple Knots. 
Most of these methods involve the memorising of ‘sequence patterns’ in the braid. 
These methods may be fine for those who regularly braid only a very small variety of 
Standard Herringbone Pineapple Knots; however, the serious braider is strongly advised 
against using such restrictive methods, since they invariably lead, sooner or later, to 
misconceptions and erroneous conclusions. For example, there exists literature which 
deals only with the two Types (that is, Sy and S2 ) of the 2-pass Standard Herringbone 
Pineapple Knots; and it wrongly refers to four Types, when there are only two. There 
are, indeed, in case of 2-pass Standard Herringbone Pineapple Knots, two ways to 
braid each Type, so there are four methods of braiding them; but only two different 
Types of these Knots result. (For instance in Example 1 of Chapter 5, it is immaterial 
whether we use the braiding method (i) or the braiding method (ii).) This is the kind of 
misconception that can arise when a very restricted set of members of an infinite family 
is studied or written about. 


Moreover, it is of the utmost importance that the braider fully understands all the 
properties of the general A-pass Standard Herringbone Pineapple Knot and the A! ways 
in which each of the A Types can be braided, otherwise the braider may draw erroneous 
conclusions. An example of this is to be found in the ‘Encyclopedia of Rawhide and 
Leather Braiding’ by Bruce Grant: 


On page 418 we find the ‘Bruce Knot’ and the ‘Catherine Knot’. Both these knots 
are Standard Herringbone Pineapple Knots, and hence do not deserve a special name 
any more than would any other Standard Herringbone Pineapple Knot. 


The ‘Bruce Knot’ is a 2-pass Standard Herringbone Pineapple Knot with az = 0 
(hence a; = 2),2m—1=3,2=4, P=6 and B* =5. Since az = 0, the Knot is of 
Type S2. 


The ‘Catherine Knot’ is also a 2-pass Standard Herringbone Pineapple Knot with 
a, =1,a, =1, 2m—-1=3, 2m+1=5,2=6, P =8 and B* = 4. Since az = 1, 
the Knot is of Type S, . 


The ‘Bruce Knot’ is braided as follows: 
Step 1. — Braid the component with half-cycle 1 —> 2. 
Step 2. — Braid the component with half-cycle 2 —+ 1. 


The component in ‘Step 1’ is the foundation Turk’s Head Knot and the component 
in ‘Step 2’ is the interwoven Turk’s Head Knot. 

When ‘Step 1’ is completed, the result is a Turk’s head Knot with 5-bights and 
3-parts. This knot, the foundation Turk’s Head Knot, can be regarded as a Standard 
Herringbone Pineapple Knot with A = 1 and B* = 5. Since A = 1 the left bight- 
boundary as well as the right bight-boundary of this knot carries the number 1; hence 
in the Algorithm-table which will supply us with the braiding algorithm for this knot, 
the value of ‘LZ’ is 1 and the value of ‘R’ is 1. Furthermore the value of ‘A’ is 1; the 
value of ‘B*’ is 5 and the value of ‘s’ is 3. 
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After substitution of A=1, L=1,R=1 inthe Algorithm-table for B* =5, s =3 
we obtain L-1=0, R—-1=0, A—1=0, and hence this table supplies us with the 
following braiding algorithm associated with ‘Step 1’: 


1. £—R _: free run. 
2: R—L : free run. 
3. L—R_: free run. 
4. R—L: o. 

5, L—R: o. 

6. R—L: o. 

7. L—R: o. 

8. R—L: u-o. 
9. L—R: u-o. 
10. R—-L: u-o. 


After completion of ‘Step 1’, we are ready to start with ‘Step 2’: the interbraiding of 
the Turk’s Head Knot with s = 3 parts. When this interbraiding is completed, we have 
two left bight-boundaries and two right bight-boundaries; hence A = 2. In the grid- 
diagram belonging to the Standard Herringbone Pineapple Knot which is obtained after 
the completion of the Steps 1 and 2, a lower-left to upper-right half-cycle of the ‘Step 1’ 
Turk’s Head Knot runs from the left bight-boundary 1 to the right bight-boundary 2, 
and a lower-left to upper-right half-cycle of the ‘Step 2’ Turk’s Head Knot runs from 
the left bight-boundary 2 to the right bight-boundary 1. Hence for the ‘Step 2’ Turk’s 
Head Knot the value for ‘L’ is 2 and the value for ‘R’ is 1, with A=2 ands =3. 

After substitution of A= 2, 2=2,R=1 inthe Algorithm-table for B* = 5, s = 3 
we obtain L-1=1, R-1=0, A—1=1 and hence this table supplies us with the 
following braiding algorithm associated with ‘Step 2’: 


1. L—-R: u~o. 


2: R—L: o-u. 

3. LE—R: u-o. 

4, R—L: 2o-w. 

5. L—R: u-—2o. 

6. R—L : 2o-u. 

7. ELE—R: u-2o. 

8. R—-L : u-2o-u. 
9. LE—R: 2u—2o0. 
10. R—L: w-20-u. 


We shall now give the braiding of the ‘Catherine Knot’: 

Step 1. — Braid the component with half-cycle 2 — 2. 
Step 2. — Braid the component with half-cycle 1 —+ 1. 

The component in ‘Step 1’ is the foundation Turk’s Head Knot and the component 
in ‘Step 2’ is the interwoven Turk’s Head Knot. 

When ‘Step 1’ is completed, the result is a Turk’s Head Knot with 4-bights and 
3-parts. This knot, the foundation Turk’s Head Knot, can be regarded as a Standard 
Herringbone Pineapple Knot with A = 1 and B* = 4. Since A = 1 the left bight- 
boundary as well as the right bight-boundary of this knot carries the number 1; hence 
in the table which will supply us with the braiding algorithm for this knot the value of 
‘L’ is 1 and the value of ‘R’ is 1. Furthermore the value of ‘A’ is 1; the value of ‘B*’ is 
4 and the value of ‘s’ is 3. 
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After substitution of A=1, 2=1, R=1 in the Algorithm-table for B* = 4,5 =3 
we obtain L—-1=0, R-~1=0, A—1=0 and hence this table supplies us with the 
following braiding algorithm associated with ‘Step 1’: 


L—R : free run. 
R—L : free run. 
L—R -: free run. 
R—L: wu. 
[D—-R: u. 


R—L: u-o. 
L—R: u-o. 
R—L: u-o. 


OND OP oo 


After completion of ‘Step 1’, we are ready to start with ‘Step 2’, which is the in- 
terbraiding of the Turk’s Head Knot with s = 5 parts. When this interbraiding is 
completed, we have two left bight-boundaries and two right bight-boundaries; hence 
A = 2. In the grid-diagram belonging to the Standard Herringbone Pineapple Knot 
which is obtained after the completion of the Steps 1 and 2, a lower-left to upper-right 
half-cycle of the ‘Step 1’ Turk’s Head Knot runs from the left bight-boundary 2 to the 
right bight-boundary 2, and a lower-left to upper-right half-cycle of the ‘Step 2’ Turk’s 
Head Knot runs from the left bight-boundary 1 to the right bight-boundary 1. Hence 
for the ‘Step 2’ Turk’s Head Knot the value for ‘Z’ is 1 and the value for ‘R’ is 1, with 
A=2ands=5. 

After substitution of A= 2, LZ =1, R=1 in the Algorithm-table for B* = 4,8 =5 
we obtain Z-1=0, R—1=0, A—1=1 and hence this table supplies us with the 
following braiding algorithm associated with ‘Step 2’: 

1. L—R: o-u-o. 

R—L: o-u-—2o. 
LE—R: o-u-—2o0. 
R—L : o-—2u—2o. 
L—R: o-—2u—2o. 
R—L : 20-2u—2o0. 
L—R: 2o-—2u—-2o0. 
R—L : u-—20-—2u—20. 
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THE CALCULATION OF 
THE ENTRIES IN THE 
ALGORITHM-TABLES 


At the beginning of Chapter 5 we have explained the general layout of the Algorithm- 
tables. We shall now explain how the entries for the body of an Algorithm-table are 
obtained. We have shown that the reference algorithm for any odd half-cycle (a 
half-cycle from lower-left to upper-right) is given by: 

(ZL —1)u-(A—1)o-(A-1)u-(A-1)o—-(A-—1)u—----(A—1l)o-(A-1)u- 
(A —-l)o—(R-1)u. 


Furthermore we have shown that the reference algorithm for any even half-cycle 
(a half-cycle from lower-right to upper-left) is given by: 
(R-1)u-(A-—1)o-—(A-1)u-(A-—1)o-(A—1)u—-----(A-1)o-(A-1)u- 
(A -—l)o—(L—1)u. 


The algorithm for the first half-cycle is always identical to the reference algorithm 
for an odd half-cycle. 


For other half-cycles the reference quantities (ZL —1), (R—1) may have increased by 
1 for some entries associated with set-number 1, and the quantity (A — 1) may have 
increased by 1 for some set-numbers. Hence these quantities have become respectively 
LZ, Rand A. In the last column, no such change occurs. 

The set-numbers for which such an increase occurs, can readily be calculated by 
means of the table in Fig. 64. This table works as follows: 


The 1** half-cycle indicates ‘NONE’. This means that there is no additional inter- 
section (hence no increase of 1 to the reference quantity) for any of the set-numbers; in 
other words, the algorithm for the 1** half-cycle is identical to the reference algorithm 
of an odd half-cycle, as we have already mentioned above. 
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Calculation of the SE7-WMUMBEAS where an ADD/TIONAL 
intersection occurs (additional to reference quantity): 


where m= 1,2,3,.-.., 
discard set-numbers outside the range 1,2,3,...,{8- 1). 


m8*- 1s, where m=1,2,3,... and r=0,1,2,...,(n-1). 
as for halicycle 2n 


Fig. 64 — Calculation-table for additional set-number intersections. 
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The 24 half-cycle gives mB*. The table indicates that the value of m may be 
1,2,3,--+ ; furthermore, that set-number values outside the range 1,2,3,---,(s — 1) 
have to be discarded. Suppose s = 13 and B* = 4 (the reader is reminded that the 
values for s and B* must be coprime), then valid values for mB* are 4,8,12. Thus the 
reference entries for the set-numbers 4,8 and 12 increase by 1. Hence the entries for 
the set-numbers 4,8 and 12 in the algorithm table for B* = 4 and s = 13, for the 24 
half-cycle, are A. 


The set-numbers of an odd half-cycle for which the reference quantity increases by 
1 have the same value as the set-numbers of the immediately preceding even half- 
cycle for which the reference quantity increases by 1. Hence in our example, the entries 
for the set-numbers 4,8 and 12 in the algorithm table for B* = 4 and s = 13, for the 
3°¢ half-cycle, are A. 


The 4** half-cycle gives mB* and (mB* — s). Hence in addition to the set-numbers 
already found for mB* (the set-numbers 4, 8, 12) , we obtain set-numbers for (mB* — s) . 
Thus in our example we obtain the following further set-numbers 3 ((4 x 4) — 13 = 3), 
7 ((5x 4) -—-13=7), and 11 ((6 x 4) — 13 = 11). Consequently the entries for the set- 
numbers 3,4,7,8,11 and 12 in the algorithm table for B* = 4 and s = 13, for the 4th 
half-cycle, are A. 


The set-numbers of the 5** half-cycle for which the reference quantity increases by 1 
have the same value as the set-numbers of the immediately preceding even half-cycle 
4, 


The 6* half-cycle gives mB* , (mB* —s) and (mB* — 2s) . Hence in addition to the 
set-numbers we already found for mB* (the set-numbers 4, 8,12) and for (mB* — s) (the 
set-numbers 3,7,11), we obtain set-numbers for (mB* — 2s) . Thus in our example we 
obtain the further set-numbers 2 ((7 x 4) — (2 x 13) = 2), 6 ((8 x 4) — (2 x 13) = 6), 
and 10 ((9 x 4) — (2 x 13) = 10). Consequently the entries for the set-numbers 2, 3, 4,6, 
7,8,10,11 and 12 in the algorithm table for B* = 4 and s = 13, for the 6** half-cycle, 


are A. 


And so on. 


The reader should now be able to draw up algorithm tables additional to the ones 
supplied in this book, when the need for such larger tables arises. 


We would like to advise the more serious braider who desires to obtain a greater 
understanding of relationships between braiding processes to study the contents of Ap- 
pendix 4, where we show the close relationship between the table of Fig.64 and the 
calculation of braiding algorithms for the Regular Knots. 


Appendix 1 


THE REGULAR-NESTED 
CYLINDRICAL BRAIDS 


This Appendix is a summary of the properties of the six Regular-Nested Cylindrical 
Braid sub-classes, all of which belong to the class of Regular-Nested Cylindrical Braids. 


Standard Regular-Nested Cylindrical Braids. 
Semi-Standard Regular-Nested Cylindrical Braids. 
Perfect Regular-Nested Cylindrical Braids. 
Semi-Perfect Regular-Nested Cylindrical Braids. 
Compound Regular-Nested Cylindrical Braids. 
Semi-Compound Regular-Nested Cylindrical Braids. 


Regular-Nested 
Cylindrical Braids 


aa PWN rH 
Sn as a eS 


Each of these sub-classes is determined by a set of string-run properties, which are 
expressed by formulae given in this Appendix. The reader should note that the classifi- 
cations are independent of coding. Any type of coding can be applied to any member of 
these sub-classes; and weaving algorithms can then be computed for constructing them. 


Braids can be braided in two ways, according as their cycles are laid down from 
lower-left to upper-left (upwards), or from upper-left to lower-left (downwards). The 
formulae which express their string-run characteristics depend on which of these ways 
is used. Therefore we give the formulae in two Sections, I and II. Section I deals with 
the case that braiding is upwards; whereas Section II treats the case where braiding is 
downwards. 


The examples used in Section II match the corresponding ones in Section I. 
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(I) 
THE FORMULAE FOR BRAIDING UPWARDS 


finish J, 
TA 
la 
TA-1 
4-1 k=|h+Al, rz =|r1 — Al, 
ly =|b+Al, r3 =|r2 -Al, 
Ig = |l3 + Al, mr =|r3 —Al, 
_ liga = |e + Aly Tita =|ri—- Al, 
ls 
r2 
ly 
Ty 
start 


In the above, i = 1,2,3,...,(4—1) and 
A is an integer belonging to the set: {0,1,2,3,...,(A — 2),(A —1)}. 
All components of a given braid have the same A-value. 
6 = |2(,+7;)+ A|, where 6 is an integer belonging to the set: 
{1,2,3,...,(A —1), A}. 
All components of a given braid have the same 6-value. 


For all half-cycles of a given braid, the value of (1; + r;) is either equal to: 
(1) A+t+1 
or 


(2) Y,orY +44, where 2<Y<A. 


All components ofa given braid have the same z-value, and since z = cA+6 
it follows that all components of a given braid have the same c-value. 


In general we have: 
Type 1: A; =e for 1<e< A/2, 
Type 2: A,=A-e for 1<e< A/2. 


Thus li, +Tis|, = lbs + Ti, +Ail,- 
Note that Type 1 and Type 2 have the same A-value when A, = A2 = A/2. 


For 1;, = 1;, the following relationship holds: 
Tig = |ri, + Ail, =|r;, +A- Aal,4 = |r — Adal, . 
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Note the special case when A = 0, in which case Type 1 is identical to Type 2; and 
also the special case when A; = Az = A/2, in which case: 


ri, = Iris + A/2|, = ri, —- A/2\, . 


(1) — STANDARD REGULAR-NESTED CYLINDRICAL BRAIDS 


Protat = P =)” Peomponent = = +2A-2, 


zr+4A— 2(l; +r;) 
Peomponent = ——~ ~fie——: ’ 


z=cA+6 where c= (O),1,2,3,.... 


Example: 
Given 1; =3;77=5;A=5. 
Therefore : 
§ = (2, +7r:)+ Al, = |2(3 + 5) + O|, = |16|, =1. 
lr+r,;=3+5=8=Y+A thus Y = 3 and hence alsol;+7r; =3. 


z=cA+é=cA+1l=5c4+l, 


Pemponens = = tA TAG +1) Soy for L+r4,=8, 


and iii 
Peomponent e+ ia Mtr =c+3 for 1; +r; =3. 


P= Prtat =cA+2A—1=5c4+9. 


l; Ti 


5 3 for +r; = 8 
4 4 for l;+r;=8 
given 3 5 for pres 
2 1 for ltr, =3 
1 2 for lj+r; = 3 
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The first-return string-runs of the components are therefore as follows: 


> Promp =e +3, (z =5e+1). 
1 

p) 

> Promp =C+3, (zx =5c+1). 
2 
3 

> Peomp =e+1, (2 =5c+1). 
3 
4 

Promp =¢+1, (2 =5c+1). 
4 

5 

> Poomp =C+1, (z = 5e+1). 
5 


For c = 2 we obtain: 
z=S5e+1=11. 
Peomponent =5 and Peomponent = 3, 


Protal =19. 


B* is coprime to 3 and 5. 


For c = 3 we obtain: 


2=5c+1=16. 
Poomponent =6 and Peomponent =4, 
Pistat = 24. 


B* is coprime to 2 and 3. 


97 


(2) — SEMI-STANDARD REGULAR-NESTED CYLINDRICAL BRAIDS 


—f- * * are 
A=0; B* and Plymponent have a common divisor greater than 1. 
Pcompanent = Feomponent 2S calculated in (1). 


All derivations are as in (1). 


See the Example in (1): 


For c = 2 we obtained: 


z=5c+1=11. 
Poomponent =5 and Peomponent =3. 
Hence 7 component =5 and Po oipanent = 3 ’ 
Protat = 19. 
B* has a divisor of 3 and/or 5. 
For c = 3 we obtained: 
z=5c+1=16. 
Peomponent =6 and Pcomponent = 4. 
Hence Pconiporent =6 and Foi aonent =4 ] 
Protat = 24. 


B* has a divisor of 2 and/or 3. 


(3) — PERFECT REGULAR-NESTED CYLINDRICAL BRAIDS 


The Perfect Regular-Nested braids have only one component and hence are single- 
string braids. 
A and A are coprime. 
B* and Protat are coprime. 
Typel: Ai=e for 1<e< A/2, 
Type 2: A,=A-e for Ll<e<A/2. 
Thus ¢ and A are coprime. 
Since these braids are braided from one string and hence have only one component, 


we obtain: 


Peompovent = Protat =r +2A-—2. 
z=cA+é where c= (0),1,2,3,.... 


Example 1: 
Ezample 1(a) Type 1 Giveniee 1 sia 3s rea ASS. 
Ay See 6 = |2(3+4)4+1|,=5. 


+77 =34+4=7, 
Y+A=Y+5=7 therefore Y = 2 and hence also l; +r; =2. 
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z=cA+6=5c+5, 
Protal = P = 5ce+13. 


F r; 

5 2 for +r3=7 

4 3 for lj+r;,=7 
given 3 4 for i ea | 

2 5 for ltr; =7 

1 i for I; +r; = 2 


The first-return string-run is therefore as follows (with A = 1): 


1 
2 
5 
3 
4 
4 z=5c+5, 
P= 5e +13, 
3 
5 
2 
1 
1 


Ezample 1(b) Type 2 
We now give details of the mirror-image of the foregoing Type 1 example (1(a)). 
For 1; = 3, we obtain: 
ri=ri, = |ri, + Ail, = |44+1|, =5. 
tr,=3+5=8, 
Y+A=Y+5=8 therefore Y = 3 and hence alsol; +7; =3. 
A,=5-~-1=4. 


It is evident that dStynex = dtyper1 , and also that ctype2 = Ctype1 for mirror-imaged 
pairs. 


— 

- 
3 

~ 


5 3 for l; +r; —8 
4 4 for L+r;=8 
given 3 5 for l;+r;=8 
2 if for +r; =3 
1 2 for +r; =3 
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The first-return string-run is therefore as follows (with A = 4): 


1 
1 
2 
5 
3 
4 z=5c+5, 
P=5c+13. 
4 
3 
5 
2 
1 


In this example for both types, we obtain the following: 
Fore=1 


z=5ce+5=10, 
P=5c+13=18. 


B* should not have a divisor greater than 1 in common with 18. 


Therefore: B* is coprime with both 2 and 3. 


Forc=2: 


z=5ce+5=15, 
P=5c+13=23. 


B* should not have a divisor greater than 1 in common with 23. 


Therefore : B* is coprime with 23. 


Example 2: 
Ezample 2(a) Type 2 Givene =1;1;=3;7;=1; A=5. 
A; =1,andsoA,=A-1=4. 
6 = |2(3+1)+4|, =2. 
f+r,=3+1=4=Y, 
hence also ljtr,; =Y+A=—44+5=9. 


zr=cA+6=5ce4+2, 
Protat = P =5c+10. 


l; T; 


5 4 for l, +r; =9 
4 5 for l;+r;=9 
given 3 1 for Ir+r;,=4 
2 2 for ltr, =4 
1 3 for +r, = 4 
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The first-return string-run is therefore as follows (with A = 4): 


Ezample 2(b) Type 1 


1 
2 
2 
1 
3 
5 z=5e+2, 
4 P=5c+10. 
4 
5 
3 
1 


We now give details of the mirror-image of the foregoing Type 2 example (2(a)). 


For 1; = 3, we obtain: 


ri, = |ri, — Aol, = lri, — 4], = 1, hence 
;+r3;=34+5=8, 
Y+A=Y+5=8 


Mts SOs 


therefore Y = 3 and hence also 1; +7r; =3. 


As before, it is evident that bryper = Stype2 , and also that Ctype1 = Ctype2 for mirror- 


imaged pairs. 


given 


l; rT; 

5 3 for l;+r;=8 
4 4 for lj+r; =8 
3 5 for lrt+r; =8 
2 1 for Ler a3 
1 2 for ltr; =3 


The first-return string-run is therefore as follows (with A = 1): 


1 
3 
5 
4 
4 
5 z=5c+2, 
P=5c+10. 
3 
1 
2 
2 


In this example for both types, we obtain the following: 
Fore =2: 
2S $042 12; 
P=5c+10=20. 


B* should not have a divisor greater than 1 in common with 20. 


Therefore : B* is coprime with both 2 and 5. 


Forc=3: 


e=he+2= 17, 
P=5c+10=25. 


B* should not have a divisor greater than 1 in common with 25. 


Therefore : B* is coprime with 5. 
Example 3: 
Ezample 3(a) Type 1 Given. e = 23 = 2p rp=4;A=d. 
€=2 implies A, =2: 6 = (2(2+ 4) + 2|, = 4. 


lt+r7,=2+4=6=A41, 
Hence for all J; + r; we obtain the value 6. 
z=cA+8=5c+4, 


Prot = P=2+2A—2=5¢412. 


iF rj 

5 1 for l; +r; =6 

4 2 for lj+r; =6 

3 3 for l; +r; —6 
given 2 4 for i; 47; ='6 

1 5 for l;tr;—6 


The first-return string-run is therefore as follows (with A = 2): 


1 
2 
4 
4 
2 
i z=5e+4, 
: P=5c4+12. 
3 
3 
5 
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Ezample 3(b) Type 2 


We now give details of the mirror-image of the foregoing Type 1 example (3(a)). 


For |; = 2, we obtain: 


rr= Ti, = |ri, + Ail, = |4+2|, =1. 


l:+r,5=2+1=3, 
y= 3 therefore Y + A = 8 and hence also /; +r; = 8. 


A, =5-2=3. 


It is evident that dyne2 = Styper , and also that ciype2 = Ctypei for mirror-imaged 


pairs. 


given 


l; vy 

5 3 for +r; =8 
4 4 for lL+r;,=8 
3 5 for l; +r; =8 
2 1 for +r; =3 
1 2 for +r; =3 


The first-return string-run is therefore as follows (with A = 3): 


1 
5 
3 
3 
5 
1 z=5c+4, 
9 P=5c+12. 
4 
4 
2 
1 


In this example for both Types, we obtain when c = 2 the following: 


z=i5c+4= 14, 
P=5e+12= 22. 


Since B* and P are coprime, B* must be coprime with 2 and 11. 
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Example 4: 
Example 4{(a) Type 2 Givene = 2;1;=4; 7; =1;A=5. 
€=2 implies Ap =A-—e=3: 6 = |2(14+1)4+3|, =3. 


jt+r;=44+1=5=Y, 
hence also lb+r,=Y+A=5+5=10. 
2=cA+$6=5c+3, 
Pisiat oP = Se 11; 


5 5 for l; +r; = 10 
given 4 1 for l;+r,=5 
3 2 for ljtr,=5 
2 3 for itr, =5 
1 4 for itr; =5 


The first-return string-run is therefore as follows (with A = 3): 


1 
2 
3 
5 
5 
3 z=5c+3, 
5 P=5c+l1l. 
d; 
4 
4 
1 


Ezample 4(b) Type 1 
We now give details of the mirror-image of the foregoing Type 2 example (4(a)). 
For 1; = 4, we obtain: 
ri, = (ri, — Ao], = ri, ~ 3], =1, hence ie gee 
A, =e=A-—A2,=5-3=2. 

bir=4+4=8, 

Y+A=Y+5=8 therefore Y = 3 and hence alsol; +7; =3. 
As before, it is evident that S:ype1 = Stype2 , and also that ctype1 = Ctype2 for mirror- 


imaged pairs. 


5 3 for l; +r; = 8 
given 4 4 for i; +7; =8 
3 5 for Gr = 8 
2 1 for i; +r; =3 
1 2 for +r; =3 
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The first-return string-run is therefore as follows (with A = 2): 


1 
4 
4 
1 
2 
3 z=5c+3, 
P=5c+11. 
5 
5 
3 
2 
1 


In this example for both Types, we obtain when c = 1 the following: 
z= 5c+3=8, 
P=5c+11=16. 


B* should not have a divisor greater than 1 in common with 16, 


Therefore: B* is coprime with 2 ; that is, B* is odd. 


(4) — SEMI-PERFECT REGULAR-NESTED CYLINDRICAL BRAIDS 


A and A are coprime. 
B* and Piotaj are not coprime, hence they have a common divisor greater than 1. 


Type l: Ay = for 1<e< A/2, 
Type 2: A,=A-e for 1<e<A/2. 
Thus ¢ and A are coprime. 
Protai = 2 +2A-—2, 
z=cA+6 where c= (0),1,2,3,.... 
The Semi-Perfect Regular-Nested Cylindrical Braids are like the Perfect Regular-Nested 
Cylindrical Braids, except that they require more than one string in their construction. 


All formulae derivations are as in (3) above. 


Example 1: 
Ezample 1(a) Type 1, and Example 1(b) Type 2 

Using the same numerical values for the various parameters as in examples l(a) and 
1(b) above, under (3), we find that the only difference for the Semi-Perfect Regular- 


Nested Cylindrical Braids is that now: 
Forc=1: B* has a divisor of 2 and/or 3. 


Forc=2: B* has a divisor of 23. 
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Example 2: 
Ezample 2(a) Type 2, and Example 2(6) Type 1 

Using the same numerical values for the various parameters as in examples 2(a) and 
2(b) above, under (3), we find that the only difference for the Semi-Perfect Regular- 


Nested Cylindrical Braids is that now: 
Forc=2: B* has a divisor of 2 and/or 5. 


Forc=3: B* has a divisor of 5. 


Example 3: 
Ezample 3(a) Type 1, and Ezample 3(b) Type 2 
Using the same numerical values for the various parameters as in examples 3(a) and 


3(b) above, under (3), we find that the only difference for the Semi-Perfect Regular- 
Nested Cylindrical Braids is that now B* has a divisor of 2 and/or 11. 


Example 4: 
Ezample 4(a) Type 2, and Example 4(6) Type 1 
Using the same numerical values for the various parameters as in examples 4(a) and 


4(b) above, under (3), we find that the only difference for the Semi-Perfect Regular- 
Nested Cylindrical Braids is that now B* has a divisor of 2 and hence is even. 


(5) — COMPOUND REGULAR-NESTED CYLINDRICAL BRAIDS 


For braids in this sub-class, A can take any value in the range 2,...,(A — 2) which 

has with A a common divisor. 
B* and Preomponent are coprime. 

The number of passes is the same for each component of a given braid. 

We define the number of passes per component by a. Hence the number of compo- 
nents of a given braid is A/a. 

When a component is completed, a bight-boundaries on each edge of the braid have 
been visited, and then the equation |1 + a@- A], = 1 is satisfied. This implies that a-A 
is an integral multiple (say 7) of A; that is a-A =o-A; and s0, finally, we can write: 


Ao oe, 
a 
We may note that o and a@ are coprime. 
Typel: Ai =e 2<€e<A/2, 
Type 2: A,=A-e 2<¢€< A/2. 


Note that Type 1 and Type 2 have the same A-value when A; = A, = A/2. 
Furthermore, since A and A have a common divisor greater than 1, € and A are not 
coprime. 
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z=cA+6 where c= (0),1,2,3,..., 
a:-6—2(X1; + Ir; 
Feomponend = Po =a(c+4)+ {o6a 2h sor 
Protal = 2 Peomponent =z+2A-2. 


Example 1: 
Given 1; = 2; 7; =1;A=6. 
A = 6 has the divisors 2 and 3; thus a = 2 or 3. 
Let a be equal to 2; then A = 0 A/2 = 3c. 
But since 2 < A < A — 2, we obtain o = 1 and hence A=3. 
Ezample 1(a) 
6 = |2(24+1) +3], =3, 
z=cA+6=6c+3, 
P= Protat =z +2A—2=6c4+13. 
lj+r;,=2+1=3, 
Y=3 hence also 1; +7; =3+A=3+6=9. 


l; rT; 

6 3 for lj+r;,=9 

5 4 for lj+r;=9 

4 5 for li;+r;=9 

3 6 for l;+r;=9 
given 2 1 for +r; =3 

1 2 for l;+r;=3 


The first-return string-runs are therefore as follows (with A = 3): 


1 
5 

4 Promponent = 2(¢ + 4) + Oxsyn aver) =2¢+5.- 
2 

1 

2 
4 

5 P.sinponeat = 2.0 4) Cxsjrrersetts =2c+5. 
1 

2 

3 
3 

6 Peomponent = 2(¢ + 4) + Oe =2c+3.- 
6 
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Ezample 1(6) 
We now give details of the mirror-image of the foregoing example (1(a)). 
For 1; = 2, we obtain: 
r=, = ee +Ail,= [1+ 3), =4. 
lj+r;=2+4=6, 
Y=6 hence also lj +r; =6+A=6+6=12. 
A,=A—-—A, =6-3=3=A). 


l; ri 

6 6 for lL, +r; = 12 

5 1 for lL+r; =6 

4 2 for l;t+r; =6 

3 3 for ltr; =6 
given 2 4 for +r; =6 

1 5 for l;+r; =6 


The first-return string-runs are therefore as follows (with A = 3): 


1 
2 

4 Peomponent = 2(e + 4) + Qxsponeyer ee?) =2c+5. 
5 

i 

2 
1 

5 Peomponent = 2(¢ + 4) + Gxsnrererern =2c+5. 
4 

2 

3 
6 

6 P cecal hays ee =2+3. 
3 

3 


It is of course inconsequential which of the above two braids 1(a) or 1(b) is called 


Type 1 or Type 2. We shall however indicate the braids which have a half-cycle es ; 
a and 7 as Type 1 braids and hence the braids which have a half-cycle we ; 
ae and ve as Type 2 braids. 
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In this example for both Types, we obtain when c = 2 the following: 
z=6c¢+3=15, 
Protal = P=6c+13 =25, 


Promponent = 9 and Promponent =7. 


Since B* and P-omponent are coprime, B* must be coprime with 3 and 7. 


Example 2: 
Given 1; =2;7r;=2;A=6. 


Let a be equal to 3; then A = 7 =2¢. 


Since 2< A <A-—2, hence 2 <A < 4, the value of o can be 1 or 2. 


For o = 1 we obtain A = 2, and for o = 2 we obtain A = 4. 


Ezample 2(a) Type 1 
A=2. 
§ = |2(2+2) + 2p =4, 
z=cA+6=6c+4, 
P=Protat=z+2A—2=6c4+14. 
+r, =24+2=4, 
Y=4 hence also l; +r; =4+A=4+6=10 


6 4 for l; +r; = 10 
5 5 for l; +r; = 10 
4 6 for i; +r; = 10 
3 1 for +r;,=4 
given 2 2 for ljt+r,=4 
1 3 for ljtr;=4 


The first-return string-runs are therefore as follows (with A = 2): 


5 
5 
1 Peomponent = 3(c +4) + Gxayw at rerersety) 
3 
3 
1 
, 
4 
6 
6 Pix sero 4 eee 
4 
2 


= 3c 


= 3c 


+8. 


+6. 


Ezample 2(b) Type 2 
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We now give details of the mirror-image of the foregoing Type 1 example (2(a)). 


For 1; = 2, we obtain: 
rr =i, = |ri, + Ail, = (2+ 2|, =4. 


+r, =2+4=6, 


Y-=6 hence alsol; +r; =6+A=6+6=12. 


A,=A-A;,=6-2=4. 


— 

- 
3 

“. 


6 6 for i, +r; = 12 
5 1 for I; +r; = 6 
4 2 for l;+7r; =6 
3 3 for ljt+r;, =6 
given 2 4 for ljtr; =6 
1 5 for l, +r; =6 


The first-return string-runs are therefore as follows (with A = 4): 


1 
3 
3 
3x 4)-2(114+54+34+541+3 
Pinveseta 4 9 ere eee 
6 
5 
5 
1 
2 
2 
4 
3x 4)—- 2124644444642 
j Pie aga Oo ee) 
6 
6 
4 
2 


In this example for both Types, we obtain when c = 2 the following: 
z=6c+4=16, 
Protal = P=6c+14= 26, 
Peomperient = 14 and Poomponent =12. 


= 3c 


= 3c 


ae 2 


+6. 


Since B* and Peomponent are coprime, B* must be coprime with 2,3 and 7. 
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Example 3: 
Given 1; = 2;7;=6; A=6. 


Let a be equal to 3; then A = = 20°. 


Since 2< A<A-—2, hence2< A <4, the value of o can be 1 or 2. 
For o = 1 we obtain A = 2, and for o = 2 we obtain A= 4. 


Ezample 3(a) Type 2 
KasA; 
Note that we are dealing with a Type 2 since A = 4 and hence € = 2 (Type 2: 
A,=A-—e with2<e< A/2). 
6 = |2(2+6)+4|, =2, 
z=cA+6=6c+2, 
P= Protat =z2+2A—2=6c4+12. 
j+r,=2+6=8, 
Y+A=Y+6=8 therefore Y = 2 and hence also 1; +r; = 2. 


l; ri 

6 2 for l,+r; =8 

5 3 for +r; =8 

4 4 for +r; =8 

3 5 for l;+r;=8 
given 2 6 for lr+r;=8 

1 1 for +r; =2 


The first-return string-runs are therefore as follows (with A = 4): 


1 
5 
3 
3 PF compowent = 3(c a 4) a (3 x 2) = 20 +54+3+14+3+5) =3c+7. 
5 6 
1 
i 
2 
4 
4 
2 Pocnpenent= 3(c +4) + Gxayrrererererer =(Ge dss 
6 
6 
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Ezample 3(b) Type 1 
We now give details of the mirror-image of the foregoing example (3(a) Type 2). 
For 1; = 2, we obtain: 
rp=Ti, = (rig + Aol, = (64+ 4], = 4. 


ltr, =2+4=6, 
Y=6 hence also lj +r; =6+A=6+6=12. 


A; =A-—A, =6-4=2. 


L; rj 

6 6 for lj +r; = 12 

5 1 for ltr; =6 

4 2 for +r; =6 

3 3 for l,+r; = 6 
given 2 4 for l;t+r;=—6 

1 5 for l+r; =6 


The first-return string-runs are therefore as follows (with A = 2): 


i 
1 
5 
3 Ponponent = 8(e 4 Bapreersrerereth ae 
3 
5 
1 
2 
6 
6 
2 P.seponeni = (c+ 4)+ GRA re rorsyers) = 364-5". 
4 
4 
2 


In this example for both Types, we obtain when c = 2 the following: 
z=6c+2=14, 
Pisgt =P = b+ 12 = 24. 
Poomponent =13 and Peomponent =11. 
Since B* and Preomponent are coprime, B* must be coprime with 13 and 11. 
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(6) — SEMI-COMPOUND REGULAR-NESTED CYLINDRICAL BRAIDS 


For braids in this sub-class, A can take any value in the range 2,...,(A — 2) which 
has with A a common divisor. 


2 e dice 
B* and Promponent have a common divisor greater than 1. 
Promponent = Peomponent a8 calculated in (5). 


All derivations are as in (5). 


See the Examples in (5): 


Example 1: 
Ezample 1(a) and 1(b) 


1 2 3 1 2 3 

5 4 3 2 1 6 
4 5 6 and 4 5 6 

2 1 6 5 4 3 
1 2 3 at Z 3 
mee = plane = Foie = nae ia Lcoten = FE eine = 

2c+5 2c+5 2c+3 2c+5 Q2c+5 2c+3 
For c = 2 we obtain: 
z=6c+3=15, 
Protal = P = 6€+13 = 25, 
Pcomponent — 9 and Poomponene = 


B* and Plhynponent have a common divisor of 3 and/or 7. 


Example 2: 
Ezample 2(a) and 2(b) 


1 2 1 2 

5 4 3 2 
5 6 3 4 

1 6 and 1 6 
3 4 5 6 

3 2 5 4 
1 2 if 2 
pP* = pP* P* * 
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For c = 2 we obtain: 
z=6c+4=16, 
Protat = P = 60+ 14 = 26, 


* aa — 
F component = 14 and component 12. 


B* and PXynponent have a common divisor of 2 and/or 3 and/or 7. 


Example 3: 
Ezample 3(a) and 3(b) 


1 2 1 2 
5 4 sl 6 

3 4 5 6 
3 2 and 3 2 

5 6 3 4 
1 6 5 4 

1 2 1 2 
Plomp = Ye Peomp = Eo 

3c4+7 3c+ 5 3c+7 3c4+ 5 


For c = 2 we obtain: 
z=6c+2=14, 
Ligeti =P ]ber-12]04 5 
FE comimonent = 13 and Po acponent =11. 


B* and Prynponent have a common divisor of 11 and/or 13. 
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(II) 
THE FORMULAE FOR BRAIDING DOWNWARDS 


start 1, 
ry 
lp 
T2 
I3 I, =| -Al, rg=|ri + Al, 
lz = |, —Al, r3 =|r2 + Al, 
I, = |l; — Al, r=|r3 + Al, 
itn =| -Aly, rita = (rit Aly 
TA-2 
lai 
TA-1 
l,4 
TA 
finish Jl, 


In the above, i = 1,2,3,...,(A—1) and 
A is an integer belonging to the set: {0,1,2,3,...,(A — 2),(A —1)}. 
All components of a given braid have the same A-value. 
6 = |2(l; + ri) - A], where 6 is an integer belonging to the set: 
P19 Sy s0 (AALS 
All components of a given braid have the same 6-value. 


For all half-cycles of a given braid, the value of (J; + r;) is either equal to: 
(1) Ad+l 
or 
(2) Y,orY +A, where 2<Y<A. 


All components of a given braid have the same z-value, and since z = cA+é 
it follows that all components of a given braid have the same c-value. 


In general we have: 
Type 1: Aree for 1<e< A/2, 
Type 2: A, =A-e for 1<e< A/2. 


Thus Is, + Teale = |, +13, - Ail, . 
Note that Type 1 and Type 2 have the same A-value when A; = A2 = A/2. 


For /;, = 1;, the following relationship holds: 
Tig = [hay — Ail, =|ri, A+ Aal, = |r, + Aal, . 
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Note the special case when A = 0, in which case Type 1 is identical to Type 2; and 
also the special case when A; = Az = A/2, in which case: 


Ti, = Ini, a A/2|, = ri, a A/2\, : 


(1) — STANDARD REGULAR-NESTED CYLINDRICAL BRAIDS 


A=0; B* and Peomponent are coprime. 


Protat = P = 5) Peomponent = 2 + 2A —2, 


z+4A — 2(l; +7;) 
Promponent = i - Sec ’ 


z=cA+6 where c= (0),1,2,3,.... 


Example: 
Given 1;=3;7r;=5;A=5. 


Therefore: 
6 = |2(l, + r:) — Al, = |2(3 +5) — 0], = [16], = 1. 
+r; =34+5=8=Y+A thus Y = 3 and hence alsol; +7; =3. 
zr=cA+$6=cA+1l=5c+1, 
4A — 2(1; + 7; 
Peomponent = 22 SAT MG FT) etd for l; +r; =8, 
and ‘i 
Peomponent = 2 TSA AN FT) _ oag for Lae eee, 


P= Protat = cA+2A—1=5c+9. 


iF rT; 

1 2 for lj+r;,=3 

2 1 for ljtr;,=3 
given 3 5 for Ii. +r; =8 

4 4 for i;+r; = 8 

5 3 for I.+r;,=8 
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The first-return string-runs of the components are therefore as follows: 


1 

> Peomp = €+3, (2 =5ce+1). 
1 

2 

> Poinp OSs (2 =5c+1). 
2 
3 

> Peomp =e+1, (z =5ce+1). 
3 
4 

> Promp =C+1, (x =5c+1). 
4 

5 

a Pomp = e+1, (2 =5c+1). 
5 

For c = 2 we obtain: 
z=5ce+1l=11. 
Preomponent =5 and Peomponent = 3, 
Prsict = 19: 


B* is coprime to 3 and 5. 


For c = 3 we obtain: 
zx=5c+1=16. 
Promponent =6 and Promponent =4 ’ 


Pista = 24. 


B* is coprime to 2 and 3. 


117 


(2) — SEMI-STANDARD REGULAR-NESTED CYLINDRICAL BRAIDS 


A =0 } B* and F ovaponeat 
Peon ponen = component as calculated in (1). 
All derivations are as in (1). 
See the Example in (1): 


For c = 2 we obtained: 


have a common divisor greater than 1. 


z=5ce+1l=11. 
Promponent =5 and Peomponent = 3. 
Hence Pr sponent =5 and Pe poked =3 ’ 
Protal =19., 


B* has a divisor of 3 and/or 5. 


For c = 3 we obtained: 


z=5c+1=—16. 
Pcomponent =6 and Preomponent =4. 
Bence Plomponent =6 and Peomponent =4, 
Priotal = 24. 


B* has a divisor of 2 and/or 3. 


(3) — PERFECT REGULAR-NESTED CYLINDRICAL BRAIDS 


The Perfect Regular-Nested Cylindrical Braids have only one component and hence 
are single-string braids. 
A and A are coprime. 
B* and Protat are coprime. 
Type l: A, =e for 1<e< A/2, 
Type 2: A,=A-e for 1<e<A/2. 
Thus ¢ and A are coprime. 
Since these braids are braided from one string and hence only have one component, 


we obtain: 
Peomponent = Prorat =2+2A-—2. 


z=cA+8 where c= (0),1,2,3,.... 


Example 1: 
Ezample 1(a) Type 1 Given ¢ = bele= 3 67rp 5s ASO: 
A,=e=1: 6 = |2(3+ 5) —1|, =5. 
+r, =3+5=8, 
Y+A=Y+5=8 therefore Y = 3 and hence also l;+7r; =3. 
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z=cA+6=5c+5, 
Prtat = P =5ce+13. 


l; un 

1 2 for +r; =3 

2 1 for +r; = 3 
given 3 5 for lj +r; = 8 

4 4 for l;+r; = 8 

5 3 for i,+7r; =8 


The first-return string-run is therefore as follows (with A = 1): 


1 
2 
5 
3 
4 
4 z=5c+5, 
P=5c+13. 
3 
5 
2 
1 
1 


Ezample 1(b) Type 2 
We now give details of the mirror-image of the foregoing Type 1 example (1(a)). 
For 1; = 3, we obtain: 
r= Th = ins -Ai|,= |5 — 1, =4. 
tres 4ST, 
Y+A=Y+5=7 therefore Y = 2 and hence also 1; +r; =2. 
A2=5-1=4. 

It is evident that brypez = Styper , and also that ctype2 = Ctype1 for mirror-imaged 


pairs. 


1 1 for l; +r; =2 
2 5 for L+r;,=7 
given 3 4 for ltr; =7 
4 3 for L+ri=7 
5 2 for l; +r,=7 
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(2) — SEMI-STANDARD REGULAR-NESTED CYLINDRICAL BRAIDS 


A=0; B* and P* 


component 
= Promponent a8 calculated in (1). 


have a common divisor greater than 1. 
F conipineht 
All derivations are as in (1). 

See the Example in (1): 


For c = 2 we obtained: 


e=.5e+1=— 11. 
Promponent =5 and Peomponent =3. 
Hence Promponent =5 and Pinnbnekt =3 ’ 


Protal = 19. 
B* has a divisor of 3 and/or 5. 


For c = 3 we obtained: 


z=5c+1=16. 
Proomponent =6 and Peomponent =4. 
Hence Po iminonent =6 and Pr geonene = 4, 
Protal = 24, 


B* has a divisor of 2 and/or 3. 


(3) — PERFECT REGULAR-NESTED CYLINDRICAL BRAIDS 


The Perfect Regular-Nested Cylindrical Braids have only one component and hence 
are single-string braids. 
A and A are coprime. 
B* and Protai are coprime. 
Typel: Ai =e for 1<e< A/2, 
Type 2: A,=A-e for 1<e< A/2. 
Thus € and A are coprime. 
Since these braids are braided from one string and hence only have one component, 


we obtain: 
Peomponent = Protat = 2+ 2A—2. 


z=cA+6 where c= (0),1,2,3,.... 


Example 1: 
Ezample 1(a) Type 1 Givene =1;1;=357r;=5;A=5. 
ro ee aoe Oe 6 = |2(3+ 5) —1|, =5. 
+r, =3+5=8, 
Y+A=Y+5=8 therefore Y = 3 and hence also !;+r; =3. 
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z=cA+é6=5c+5, 
Pista =P = 56+ 13: 


I; vr; 

] 2 for ljtr; =3 

2 1 for ltr; =3 
given 3 5 for l;+r; = 8 

4 4 for l,tr; =8 

5 3 for li,+r; = 8 


The first-return string-run is therefore as follows (with A = 1): 


1 
2 
5 
3 
4 
4 z=5c+5, 
3 P=5c+13. 
5 
2 
1 
1 


Ezample 1(b) Type 2 
We now give details of the mirror-image of the foregoing Type 1 example (1(a)). 
For |; = 3, we obtain: 
ri=ri, = (ri, —Arl, = [5—-1), = 4. 
pple, 
Y BA 2 YS ST therefore Y = 2 and hence also lj; +r; =2. 


Ag =h=)=_4, 
It is evident that diype2 = Styper , and also that ciype2 = Ctypei for mirror-imaged 
pairs. 

li vr; 

1 1 for l;tr; =2 

2 5 for lt+r;=7 

given 3 4 for Ij+r;=7 

4 3 for ltr; =7 

5 2 for ljt+r;=7 
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The first-return string-run is therefore as follows (with A = 4): 


1 
1 
2 
5 
3 
4 z=5c+5, 
4 P=5c+13. 
3 
5 
2 
1 


In this example for both types, we obtain the following: 
Forc=1: 


z=5ce+5=10, 
P=5c+13=18. 


B* should not have a divisor greater than 1 in common with 18. 


Therefore: B* is coprime with both 2 and 3. 


Forc=2: 


z=5e+5=15, 
P=5c+13=23. 


B* should not have a divisor greater than 1 in common with 23. 


Therefore : B* is coprime with 23. 


Example 2: 
Ezample 2(a) Type 2 Given € =1;1;=3;7;=5; A=5. 
A, =1,andsoA,=A-1=4. 
§ = |2(3+5)—4|, =2. 
ljtr;=3+5=8=Y+A, 
hence also lj+r;=Y —3. 
z=cA+é6=5c4+2, 
Protat = P= 5c+10. 


l; Tt 


1 2 for Ltr; =3 
2 1 for it-rz3=3 
given 3 5 for i+7r;,=8 
4 4 for lL+r;=8 
5 3 for lj+r;=8 
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The first-return string-run is therefore as follows (with A = 4): 


Ezample 2(b) Type 1 


1 
2 
2 
1 
3 
5 z=5ce+2, 
P=5c+10. 
4 
4 
5 
3 
1 


We now give details of the mirror-image of the foregoing Type 2 example (2(a)). 


For 1; = 3, we obtain: 
Ti, = (ri, + Aol, = ri, + 4|, = 5, hence r= pe 


i4+r,=341=4=Y, 
Yt+tA=VYV+5=+9 


hence also 1; +7; =9. 


As before, it is evident that biype1 = Stype2 , and also that crype1 = Ctype2 for mirror- 


imaged pairs. 


given 


~ 
- 

3 
.. 


1 3 for L+r;,=4 
2 2 for lj+r;,=4 
3 1 for lr+r;,=4 
4 5 for lj+r;=9 
5 4 for +r; =9 


The first-return string-run is therefore as follows (with A = 1): 


1 
3 
5 
4 
4 
z=5ce+2, 
P=5c+10. 


5 
3 

1 
2 

2 
1 
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In this example for both types, we obtain the following: 
Forc=2: 


z=5ce+2=12, 
P=5c+10=20. 


B* should not have a divisor greater than 1 in common with 20. 


Therefore : B* is coprime with both 2 and 5. 


Forc=3: 


z=5ce+2=17, 
P=5c+10=25. 


B* should not have a divisor greater than 1 in common with 25. 


Therefore : B* is coprime with 5. 
Example 3: 
Ezample 3(a) Type 1 Givene =2;1;=3;7;=5;A=5. 
€=2 implies A; =2: 6 = |2(3 +5) -—2|, =4. 
j+r,=3+5=8=A4+Y, 
hence also lj+7r;=Y=3. 


z=cA+6=5c+4, 
Protat = P=2+2A—2=5c4+12. 


l; Tt 

1 2 for +r; =3 

2 1 for +r; =3 
given 3 5 for lr+r;=8 

4 4 for Ltr; =8 

5 3 for l; +r;=8 


The first-return string-run is therefore as follows (with A = 2): 


1 
2 
4 
4 
2 
1 z=5ce+4, 
P P=5c+12. 
3 
3 
5 
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Ezample 3(b) Type 2 

We now give details of the mirror-image of the foregoing Type 1 example (3(a)). 

For 1; = 3, we obtain: 

re= ri, = |ri, — Ail, = [5 —2|, = 3. 
L+r7=3+3=6=A+1, 
Hence for all 1; + 7; we obtain the value 6. 
Ag=5=2=3. 

It is evident that Siype2 = Styper , and also that Ciype2 = Ctyper for mirror-imaged 

pairs. 


i r; 

1 5 for l,+r; =6 

2 4 for lL+r;=6 
given 3 3 for l;+r;=6 

4 2 for l;+r; =6 

5 1 for +r; =6 


The first-return string-run is therefore as follows (with A = 3): 


i 
5 
3 
3 
5 
i z=5ce+4, 
9 P=5c4+12. 
4 
4 
2 
1 


In this example for both Types, we obtain when c = 2 the following: 
z=5c+4=14, 
P= be pie 22. 


Since B* and P are coprime, B* must be coprime with 2 and 11. 
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Example 4: 
Ezample 4(a) Type 2 Given e = 2;1;=3;7;=5; A=5. 
€=2 implies A, =A-~—e=3: § = |2(3 + 5) —3|, =3. 


jt+r,=3+5=8=Y+A, 
hence also t+re=Y=3. 
z2=cA+6=5ct+3, 
Pistsrenl = oe FL; 


1 2 for ltr; =3 
2 1 for lL+r;=3 
given 3 5 for i; +r; =8 
4 4 for L+r,=8 
5 3 for l; +r; = 8 


The first-return string-run is therefore as follows (with A = 3): 


1 
2 
3 
5 
5 
z=5ce+3, 
: P=5c+l1l. 
2 
1 
4 
4 
1 


Example 4(b) Type 1 
We now give details of the mirror-image of the foregoing Type 2 example (4(a)). 
For 1; = 3, we obtain: 
ri, = |ri, + Aol, = |7i, +3|, = 5, hence ricer ee 2s 
Ay =]€=A=—AzgH=5-—3 = 2: 

Letra 8 $2 S5= 7 , 

Y+A=Y+5=10 hence also 1; +r; = 10. 
As before, it is evident that dtyper1 = Stype2 , and also that crype1 = Ctype2 for mirror- 


imaged pairs. 


l; r; 

1 4 for +r; =5 

2 3 for ljtr;,=5 
given 3 2 for Leta = 5 

4 1 for lj+r;=5 

5 5 for lz +r; = 10 
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The first-return string-run is therefore as follows (with A = 2): 


1 
4 
4 
1 
2 
3 z=5c+3, 
P=Se+ 11 
5 
5 
3 
2 
1 


In this example for both Types, we obtain when c = 1 the following: 
z= 5c+3=8, 
P=5c+11=16. 


B* should not have a divisor greater than 1 in common with 16, 


Therefore: B* is coprime with 2 ; that is, B* is odd. 


(4) — SEMI-PERFECT REGULAR-NESTED CYLINDRICAL BRAIDS 


A and A are coprime. 
B* and Piotai are not coprime, hence they have a common divisor greater than 1. 
Type l: Ai =e for 1<e< A/2, 
Type 2: A,=A-e for 1<e<A/2. 
Thus € and A are coprime. 
Pigiat =z+2A-2, 

z=cA+6 where c= (0),1,2,3,.... 
The Semi-Perfect Regular-Nested Cylindrical Braids are like the Perfect Regular-Nested 
Cylindrical Braids, except that they require more than one string in their construction. 


All formulae derivations are as in (3) above. 


Example 1: 
Ezample 1(a) Type 1, and Ezample 1(b) Type 2 

Using the same numerical values for the various parameters as in examples 1(a) and 
1(b) above, under (3), we find that the only difference for the Semi-Perfect Regular- 


Nested Cylindrical Braids is that now: 
For¢e= 1: B* has a divisor of 2 and/or 3. 


Forc=2: B* has a divisor of 23. 
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Example 2: 
Ezample 2(a) Type 2, and Ezample 2(b) Type 1 
Using the same numerical values for the various parameters as in examples 2(a) and 


2(b) above, under (3), we find that the only difference for the Semi-Perfect Regular- 
Nested Cylindrical Braids is that now: 


For¢c=2 4 B* has a divisor of 2 and/or 5. 
Force =3: B* has a divisor of 5. 
Example 3: 


Ezample §(a) Type 1, and Ezample 3(b) Type 2 


Using the same numerical values for the various parameters as in examples 3(a) and 
3(b) above, under (3), we find that the only difference for the Semi-Perfect Regular- 
Nested Cylindrical Braids is that now B* has a divisor of 2 and/or 11. 


Example 4: 
Ezample 4(a) Type 2, and Ezample 4(b) Type 1 
Using the same numerical values for the various parameters as in examples 4(a) and 


4(b) above, under (3), we find that the only difference for the Semi-Perfect Regular- 
Nested Cylindrical Braids is that now B* has a divisor of 2 and hence is even. 


(5) — COMPOUND REGULAR-NESTED CYLINDRICAL BRAIDS 


For braids in this sub-class, A can take any value in the range 2,...,(A — 2) which 
has with A a common divisor. 


B* and Peomponent ate coprime. 
The number of passes is the same for each component of a given braid. 


We define the number of passes per component by a. Hence the number of compo- 
nents of a given braid is A/a. 

When a component is completed, a bight-boundaries on each edge of the braid have 
been visited, and then the equation |1 + a-A|, = 1 is satisfied. This implies that a. A 
is an integral multiple (say o) of A; that is a-A =o-A; and so, finally, we can write: 


PN eniiciag 
a 
We may note that o and a are coprime. 
Typel: Ai =e 2<¢< A/2, 
Type 2: A,.=A-e 2<¢e<A/2. 


Note that Type 1 and Type 2 have the same A-value when A; = A; = A/2. 


Furthermore, since A and A have a common divisor greater than 1, ¢ and A are not 
coprime. 
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z=cA+6 where c= (0),1,2,3,..., 

-§ — 2(D1; + Ur; 

Peamponent = Pa = ale +4) + {SS = REUSE) | 
Protat = UPcomponent = 2+ 2A—2. 


Example 1: 
Given 1; =2;7;= 4; A=6. 

A = 6 has the divisors 2 and 3; thus a = 2 or 3. 

Let a@ be equal to 2; then A = cA/2 = 3c. 

But since 2 < A < A—2, we obtain o = 1 and hence A= 3. 
Ezample 1(a) 
|2(2 + 4) —3|, =3, 

z2=cA+6=6c+3, 

P= Prwt =2+2A—-2=6c4+13. 
lj+r;=2+4=6, 

Y =6 hence also 1; +7; =Y+A=6+6=12. 


l; rT; 

1 5 for Il, +r; =6 
given 2 4 for l;+r; =6 

3 3 for lL+r; =6 

4 2 for Ltr; =6 

5 1 for ltr; =6 

6 6 for lL; +r; = 12 


The first-return string-runs are therefore as follows (with A = 3): 


1 
5 

4 Pick ee ayk Exner ss) Gash 
2 

1 

2 
4 

5 | er eer (nse mererert) 264: 
1 

2 

3 
3 

6 Peomponent = 2(¢ +4) + Gus) ~A8 +643 46) =2c+3. 
6 
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Ezample 1(b) 
We now give details of the mirror-image of the foregoing example (1(a)). 
For 1; = 2, we obtain: 
ri=ri, = |ri, — Ail, = |4—-3], =1. 


j+r;=2+1=3, 
¥.=3 hence alsol; +7; = Y+A=34+6=9. 


A,=A—-A;, =6-3=3=A,. 


l; ri; 

1 2 for lt+r;,=3 
given 2 1 for ltr; =3 

3 6 for l,+r;=9 

4 5 for lj+r;=9 

5 4 for l;+r;=9 

6 3 for l;t+r;=9 


The first-return string-runs are therefore as follows (with A = 3): 


1 
y 

4 Peomponent = 2(¢ + 4) + (xg peer) =2%c+5. 
5 

1 

2 
1 

5 Peomponent = 26-44) + PRIME TESIFY Lets. 
4 

2 

3 
6 

6 Peomponent = 2(¢ + 4) + Gxaynererers = 263% 
3 

3 


It is of course inconsequential which of the above two braids l(a) or 1(b) is called 
Type 1 or Type 2. We shall however indicate the braids which have a half-cycle a. : 


GS and Sy as Type 1 braids and hence the braids which have a half-cycle 1 


Se and PSs as Type 2 braids. 
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In this example for both Types, we obtain when c = 2 the following: 
z=6c+3=15, 
Protat = P=6c+13=25, 
Peon ponent = 9 and Peomponent =7. 


Since B* and P.gmponent are coprime, B* must be coprime with 3 and 7. 


Example 2: 
Given 1; =2;7;=4;A=6. 


Let a be equal to 3; then A = 24 = 2o': 


Since 2< A < A-—2, hence 2 < A <4, the value of o can be 1 or 2. 
For o = 1 we obtain A = 2, and for o = 2 we obtain A= 4. 


Ezample 2(a) Type 1 
A=2. 
6 = |2(2 + 4) — 2|, = 4, 
z=cA+6=6ce+4, 
P = Pigtet = 2+2A—2=6c4+14. 
+r, =24+4=6, 
Y=6 hence alsol; +r; =Y+A=6+6=12. 


lL; ri; 


1 5 for +r; =6 
given 2 4 for I; +r; =6 
3 3 for l+r;=6 
4 2 for I; +r; = 6 
5 1 for l;+r; =6 
6 6 for l; +r; =12 


The first-return string-runs are therefore as follows (with A = 2): 


5 
5 

rt Psd see aya Bxsrrersrsreriys) = 96 09 | 
3 

3 
1 
2 

4 
6 

6 Peomponent = 3(6-+ 4) + BRA PR HEHE PATO TA) =3c¢16. 
4 

2 
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Ezample 2(b) Type 2 
We now give details of the mirror-image of the foregoing Type 1 example (2(a)). 
For 1; = 2, we obtain: 
ren = hy, Ail gS 4 2), = 2 


ptr, =2+2=4, 
Y=4 hence also l; +r; = Y+A=4+6=10. 


4,=A-A,=6-2=4. 


I; ri 

1 3 for +r, =4 
given 2 2 for I;+r;=4 

3 1 for l+r;=4 

4 6 for I, +r; = 10 

5 5 for l;+r; = 10 

6 4 for l; +r; = 10 


The first-return string-runs are therefore as follows (with A = 4): 


1 
3 
3 
1 Promponent = 3(€ + 4) + Bega Aer sretee tts) eae a 
5 
5 
1 
2 
2 
4 
5 Pampas = Dera) SED ABOHAAGFIFGED ag 
6 
4 
2 


In this example for both Types, we obtain when c = 2 the following: 


z= 6e+4=16, 
Protat = P = 6c+14 = 26, 
Peomponent = 14 and Promponent =12. 


Since B* and P.omponent are coprime, B* must be coprime with 2, 3 and 7. 
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Example 3: 
Given 1; =2;7r;=4;A=6. 


Let a be equal to 3; then A = se 20's 


Since 2< A <A-—2, hence 2 < A <4, the value of o can be 1 or 2. 
For o = 1 we obtain A = 2, and for o = 2 we obtain A = 4. 


Ezample 3(a) Type 2 
A=4. 
Note that we are dealing with a Type 2 since A = 4 and hence € = 2 (Type 2: 

A,=A-—e with2<e< A/2). 

6 = |2(2 + 4) — 4|, =2, 

z=cA+6=6c+2, 

P= Prtat =z+2A—-2=6c4+12. 

itr, =2+4=6, 
Y-=6 hence alsol; +r; = Y +A=64+6=12. 


l; Tr; 


1 5 for ltr; =6 
given 2 4 for lj +r; =6 
3 3 for lj+r; =6 
4 2 for ltr; =6 
5 1 for l,+r; =6 
6 6 for ier, = 12 


The first-return string-runs are therefore as follows (with A = 4): 


1 
5 
3 
3 P.omponent = 3(¢ + 4) + Ea ee ee 
5 
1 
1 
2 
4 
4 
2 Bien Sect ee ee) aa 
6 6 
6 


Ezample 3(b) Type 1 
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We now give details of the mirror-image of the foregoing example (3(a) Type 2). 


For 1; = 2, we obtain: 


ri=ri, =\|ri, — Aol, = |4-4|, =6. 


ltr; =2+6=8=Y+A4A, 


Y=2 hence also i; +r; = Y = 2. 


A; =A-A,=6-4=2. 


ii ri 

i 1 for 
given 2 6 for 

3 5 for 

4 4 for 

5 3 for 

6 2 for 


The first-return string-runs are therefore as follows (with A = 2): 


A) 
1 
5 
3 Promponent = 3(e + 4) + 
3 
5 
1 
2 
6 
6 
2 Proponent = 3le +4) + 
4 
4 
2 


In this example for both Types, we obtain when c = 2 the following: 


l;+r;=2 
l+r; =8 
+r; =8 
+r; =8 
ltr; =8 
ltr; =8 


(3 x 2)—2(11+54+34+14+34+5) 


6 


(3 x 2) -2(2+6+4+6+42+4) 


6 


zr=6c+2=14, 
Protat = P =6c+12 = 24, 


Peamponent = 13 and Peomponent a i Ie 


=3c+7.- 


=3c+5. 


Since B* and Peomponent are coprime, B* must be coprime with 13 and 11. 
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(6) — SEMI-COMPOUND REGULAR-NESTED CYLINDRICAL BRAIDS 


For braids in this sub-class, A can take any value in the range 2,...,(A — 2) which 
has with A a common divisor. 


B* and P* 


component have a common divisor greater than 1. 


PF omponen = f coniporient as calculated in (5). 
All derivations are as in (5), 


See the Examples in (5): 


Example 1: 
Ezample 1(a) and 1(b) 


1 2 3 1 2 3 
5 4 3 2 1 6 
4 5 6 and 4 5 6 
2 1 6 5 4 3 
1 2 3 1 2 3 
otis = conn = Pes = Pom = Sone = seis = 
2c+5 2c+5 2c+3 2c+5 2c+5 2c+3 


For c = 2 we obtain: 
z=6c+3=15, 
Protat = P = 6C+13 = 25, 
Fe omponent = 9 and P* =/7: 


c component 


B* and P* 


component have a common divisor of 3 and/or 7. 


Example 2: 
Ezample 2(a) and 2(b) 


1 2 1 2 
5 4 3 2 

5 6 3 4 
1 6 and 1 6 

3 4 5 6 
3 2 5 4 

1 2 1 2 
Primp = Pliny = Pomp = Primp = 
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Ezample 3(b) Type 1 
We now give details of the mirror-image of the foregoing example (3(a) Type 2). 
For 1; = 2, we obtain: 
ri=ri, =|ri, — Aol, = [4-4], =6. 
+r, =2+6=8=Y+A4A, 
Y=2 hence also 1; +r; = Y =2. 
Ay =A-A,=6-4=2. 


l; Ti 

1 1 for l; +r; =2 
given 2 6 for I;+r; =8 

3 5 for lj+r;=8 

4 4 for lL+r; = 8 

5 3 for l+r;=8 

6 2 for +r; =8 


The first-return string-runs are therefore as follows (with A = 2): 


1 
1 
5 
3 Pomponene = 3(644) + Beane rey saisees) =3c+7. 
3 
5 
1 
2 
6 
6 
2 Peomponent = 3(¢ + 4) + xd tererereyer) =3c+5. 
4 
4 
2 


In this example for both Types, we obtain when c = 2 the following: 
z=6c4+2=14, 
Protal = P=6c+12= 24, 
Posmponent = 13 and Peomponent =11. 


Since B* and Poomponent are coprime, B* must be coprime with 13 and 11. 
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(6) — SEMI-COMPOUND REGULAR-NESTED CYLINDRICAL BRAIDS 


For braids in this sub-class, A can take any value in the range 2,...,(A — 2) which 
has with A a common divisor. 


B* and P* 


component have a common divisor greater than 1. 


Peaaanent a Feciipanent as calculated in (5). 
All derivations are as in (5). 


See the Examples in (5): 


Example 1: 
Ezample 1(a) and 1(b) 


1 2 3 1 2 3 

5 4 3 2 1 6 
4 5 6 and 4 5 6 

2 1 6 5 4 3 
1 2 3 1 2 3 
So ee ee ce a 


For c = 2 we obtain: 
z=6c+3=15, 
Protat = P = 6c+13 =25, 


* — * _ 
Paiseoaeate =9 and b= eer = 7. 


B* and P* 


component have a common divisor of 3 and/or 7. 


Example 2: 
Ezample 2(a) and 2(b) 


1 2 1 2 
5 4 3 2 
5 6 3 4 
1 6 and 1 6 
3 4 5) 6 
3 2 5 4 
i 2 1 Z 
Poong. = Plomp = Plomp = Plomp 
3c +8 3c +6 3c+8 3c + 6 
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For c = 2 we obtain: 
z=6c+4=16, 
Protat =P=6c+14=26, 
Foy = 14 and Prmponent = 12. 


component ~~ 


B* and Pinponent have a common divisor of 2 and/or 3 and/or 7. 


Example 3: 
Ezample 3(a) and 3(b) 


1 2 1 2 

5 4 1 6 
3 4 5 6 

3 2 and 3 2 
5 6 3 4 

1 6 5 4 
1 2 1 2 

aes — “| eee 


For c = 2 we obtain: 
z=6c+2=14, 
Pistst = P = Ge 4-12 = 24, 
TE snpswent = 13 and Pe ovipeterd =ll. 


B* and P* have a common divisor of 11 and/or 13. 


component 


Appendix 2 


THE HERRINGBONE 
PINEAPPLE KNOT SUB-CLASS 


This Appendix is a summary of the properties of the four Herringbone Pineapple 
Knot sub-families and the six Broken-Herringbone Pineapple Knot sub-families. 


1) Standard Herringbone Pineapple Knots. 
Herringbone 2) Semi-Standard Herringbone Pineapple Knots. 
Pineapple Knots | 3) Perfect Herringbone Pineapple Knots. 


Semi-Perfect Herringbone Pineapple Knots. 


The Herringbone 
Pineapple Knot Standard Broken-Herringbone Pineapple Knots. 
sub-class Semi-Standard Broken-Herringbone Pineapple Knots. 
Perfect Broken-Herringbone Pineapple Knots. 


Broken-Herringbone } 7) 
) Semi-Perfect Broken-Herringbone Pineapple Knots. 
0 


Pineapple Knots 
Compound Broken-Herringbone Pineapple Knots. 
) Semi-Compound Broken-Herringbone Pineapple Knots. 


Knots can be braided in two ways, according as their cycles are laid down from 
lower-left to upper-left (upwards), or from upper-left to lower-left (downwards). The 
formulae which express their string-run characteristics depend on which of these ways 
is used. Therefore we give the formulae in two Sections, I and II. Section I deals with 
the case in which the braiding is upwards; whereas Section II treats the case where the 
braiding is downwards. 

The examples used in Section II match the corresponding ones in Section I 
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(I) 
THE FORMULAE FOR BRAIDING UPWARDS 


finish 1, 
TA 
I, 
TA-1 
Ia-1 h=|h+Al, R= irr Aa 
3 = |l2+Al, rs = |r2 —Al, 
le=(|l; + Al, rg = |r3 — Al, 
re liga = [Li + Al, rita = |i - Aly 
ls 
r2 
lp 
us 
start 1, 


In the above, i = 1,2,3,...,(A—1) and 
A is an integer belonging to the set: {0,1,2,3,...,(A —2),(A — 1)}. 


All components of a given knot have the same A-value. 


0 = |\2(;++7;) + Al, where 6 is an integer belonging to the set: 
{1,2,3,...,(A—1), A}. 
All components of a given knot have the same 6é-value. 
For all half-cycles of a given knot, the value of (1; + r;) is either equal to: 
(1) A+l1 
or 


(2) Y,orY+A, where 2<Y<A. 


All components of a given knot have the same z-value, and since z = cA+6é 
it follows that all components of a given knot have the same c-value. 


In general we have: 
Typel: Ay, =e for 1<e< A/2, 
Type2: A,=A-e for 1<e< A/2. 
Thus vee + 1Ti, la = Les + ri, + Ail, : 
Note that Type 1 and Type 2 have the same A-value when A; = A2 = A/2. 


For [;, = 1;, the following relationship holds: 
Tig = [ris + Ail, = |ri, +A-—A2|, = Irs, — Arla: 
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Note the special case when A = 0, in which case Type 1 is identical to Type 2; and 


also the special case when A; = A; = A/2, in which case: 


2 = ri, A/2\, = in Ps A/2\, ‘ 


(1) — STANDARD HERRINGBONE PINEAPPLE KNOTS 


A= 0% B* and Peomponent are coprime. 


Protat = P = )/ Peomponent = 2 +24 —2, 


z+4A — 2(1; +7;) ; 


Peomponent = aS rere ’ (Peceiponent is odd) ’ 
z=cA+6, 
c= (ma) 4 MEER, 


Note: All components of a given knot do NOT necessarily have the same m-value (see 


the following examples). 


Example: 
Given 1; =3;7;=5; A=5. 
Therefore : 
§ = |2(l; +r:) + A|, = |2(3 +5) +0], = |16|, = 1. 
ltr;=34+5=8=Y+A thus ¥ =3 and hence alsol;+7r;=3. 
Therefore : 
ie Size 
ee ae epee ae a 
= (2m* — 3) + xis = 2m" (hence c = even) , 
and 
c= (2m —3)+ UX D—1 Lom 9 (hence c = even). 
Therefore : 
2m* = 2m — 2, hence m*=m-—-1. 
z=cA+6=10m-9, 
1 _ 4 — 
Peontsonent = rom 8 ERS O*S) —2m-1 for l; +r,= 8, 
and : rl ; 
| ee tom SOF ERI OXY) Soy for ee 


P = Protat = 10m —9+(2x 5) -2=10m-1. 


given 


The first-return string-runs of the components are therefore as follows: 


~~ 
-. 


Lo Sl ~ | 


For m = 2 we obtain: 


x! 
e. 


Neo w 


Peomp = 2M +1, 


Poomp = 2m+1, 


Posmp = 2m—1, 


Preomp = 2m —1, 


Ponape = 1. 


2m+1=5, 


2m-1l=3. 
c=2m— 2-2, 


for 
for 
for 
for 
for 


l,+7r;=8 
Il; +r; = 8 
l:+r; = 8 
+r, =3 
Etre 3 


(zx =10m—9). 
(z =10m—9). 
(zx = 10m -9). 
(z =10m—9). 
(zc =10m—9). 


z=10m—-9=11. 


Promponent =5 


Protai =19. 


and Pcomponent = 3, 


B* is coprime to 3 and 5. 
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(2) — SEMI-STANDARD HERRINGBONE PINEAPPLE KNOTS 


pee . * * 
A=0; B* and Pe sone 
Econivanert = Fcomponent 48 calculated in (1). 


All derivations are as in (1). 


have a common divisor greater than 1. 


See the Example in (1), where we obtained for m = 2: 
2n+1=5, and 
2m—-1=3. 
c= im — 2-2, 
z=10m-9=11. 
Peomponent =5 and Promponent = 3. 
Hence Pe =5 and: ~ 2. 


component component ~ 3 ’ 


Protal = 19. 
B* has a divisor of 3 and/or 5. 


(3) — PERFECT HERRINGBONE PINEAPPLE KNOTS 


Ai=1 (Type 1). 
A, =A-1 (Type 2). 
B* and Piotat are coprime. 
The Perfect Herringbone Pineapple Knot has only one component and thus: 
Pesmponent = Tictal = & + 2A 2; 


Type 1: iy ere pate ec 


A ? 

Type 2: c= (2m —3) 4 Watmpo oat 
Example 1: 
Ezample 1(a) Type 1 Given 1; = 3; 7; =4; A=5. 

gets 6 = |2(3+4)+1], =5. 
Pare 344 = 7, 

Y+A=Y+5=7 therefore Y = 2 and hence also 1; +7; =2. 

Therefore: 
c= (2m ~3) + XD SFT Lom (c = odd), 

ane (2x2)-54+1_ 


c= (2m* —3)+ 2m* — 3 (c = odd). 


5 
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Therefore : 
2m —1=2m* —3, hence m = m* —1. 
z=cA+6=10m, 
Protat = P =10m+8. 

l; T; 
5 2 for l,+r;=7 
4 3 for l,+r;=7 

given 3 4 for lL+r;=7 
2 5 for Li+r;,=7 
1 1 for lj; +r;=2 


The first-return string-run is therefore as follows (with A = 1): 


1 
2 
5 
3 
4 
4 z=10m, 
P=10m+8. 
3 
5 
Z 
1 
1 


Ezample 1(b) Type 2 
We now give details of the mirror-image of the foregoing Type 1 example (1(a)). 
For 1; = 3, we obtain: 
re=ri, =i, + Ail, =r =H 4+1=5. 
i+7r;=34+5=8, 
Y+A=Y+5=8 therefore Y = 3 and hence also!; +7; =3. 
A, =5-1=4. 
It is evident that diype2 = Styper , and also that ctype2 = Ctypei for mirror-imaged 
pairs. 


~ 

e 
3 

oe 


5 3 for l;t+r; =8 
4 4 for ltr; =8 
given 3 5 for ltr; =8 
2 1 for +r; =3 
1 2 for ltr; =3 
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The first-return string-run is therefore as follows (with A = 4): 


1 
1 
2 
5 
3 
z=10m, 
' P=10m+8. 
4 
3 
5 
2 
it 


In this example for both types, we obtain when m = 1 the following: 


cena ila= i, 


= 16, 
P= 18, 
B* should not have a divisor greater than 1 in common with 18. 
Therefore : B* is coprime with both 2 and 3. 
Example 2: 
Ezample 2(a) Type 2 Given i: = 37 = 1; A= 5. 


A; =1,andso A,=A-1=4. 
§ = |2(3+1)+4|, =2. 
Ltr =34+1+4=fY, 
hence also jt+r,;=Y+A=44+5=9. 


Therefore : 
c= (2m —3) + GRIF) Lom (c = even), 
and 
c= (mt —3) + OX9H P=) Lame 2 (c = even). 
Therefore : 
2m Im a 2s hence m=m*—-1. 
z=cA+6=10m4+2, 
Protat = P =10m+10. 
l; T; 
5 4 for l;tr; =9 
4 5 for lj+r;,=9 
given 3 1 for L+r:= 
2 2 for +r; = 
1 3 for lyt+rj=4 


141 


The first-return string-run is therefore as follows (with A = 4): 


1 
2 
2 
1 
3 
z=10m+2, 
R P=10m+10. 
4 
4 
5 
3 
1 


Ezample 2(b) Type 1 
We now give details of the mirror-image of the foregoing Type 2 example (2(a)). 
For 1; = 3, we obtain: 
rig =(|ri, — Aol, = |ri, —4|, = 1, hence ie eae 
bora 3+5 = 8, 
Y+A=Y+5=8 therefore Y = 3 and hence also /; +7; =3. 


As before, it is evident that d:y5e1 = Stype2 , and also that crype1 = Ctype2 for mirror- 
imaged pairs. 


l; Ti 

5 3 for lj +r; =8 

4 4 for l,+r; =8 
given 3 5 for l;+r; =8 

2 1 for l,+7r;=3 

1 2 for lr+r; =3 


The first-return string-run is therefore as follows (with A = 1): 


1 
3 
5 
4 
4 
5 z=10m+2, 
P P=10m+10. 
1 
4 
2 
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In this example for both types, we obtain when m = 1 the following: 


cS 2m = 2, 
e=12, 
Pi= 20. 


B* should not have a divisor greater than 1 in common with 20. 


Therefore : B* is coprime with both 2 and 5. 


(4) — SEMI-PERFECT HERRINGBONE PINEAPPLE KNOTS 


Aged (Type 1), 
A,=A-1 (Type 2). 


B* and Protai have a common divisor greater than 1. 


The Semi-Perfect Herringbone Pineapple Knots are like the Perfect Herringbone 
Pineapple Knots, except that they require more than one string in their construction. 
All formulae derivations are as in (3) above. 
Example 1: 
Ezample 1(a) Type 1, and Ezample 1(b) Type 2 


Using the same numerical values for the various parameters as in examples 1({a) and 
1(b) above, under (3), we find that the only difference for the Semi-Perfect Herringbone 
Pineapple Knot is that now B* has a divisor of 2 and/or 3. 


Example 2: 
Ezample 2(a) Type 2, and Ezample 2(6) Type 1 


Using the same numerical values for the various parameters as in examples 2(a) and 
2(b) above, under (3), we find that the only difference for the Semi-Perfect Herringbone 
Pineapple Knot is that now B* has a divisor of 2 and/or 5. 


(5) — STANDARD BROKEN-HERRINGBONE PINEAPPLE KNOTS 


A= 0% B* and Peomponent are coprime. 


Put? =». Pisatoncav = eh 242) 
z+ 4A — 21; + 1,) : 


Peomponent aa A ’ CP component is even) ’ 
z=cA+6, 
c# (2m —3) + ahi + ri) — 8 


A 
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Note: All components of a given knot do NOT necessarily have the same m-value (see 
the following examples). 


Example: 
Given 1; =3;7;=5;A=5. 
Therefore : 
6=|2(1; + ri) + Al, = |2(8 + 5) + 0], = [16], = 1. 
+r; =3+5=8 hence Y =3 and hence alsol;+7r;=3. 
Therefore : 
c# (2m —3)+ a 
2 a 
c # (2m — 3) + a Ba 
CAM hence c=odd, 
and 
e# (2m*—3) 4 CXIAT 
c#2m* —2 hence c=odd. 
Therefore : 
c=2m-1, 
z=cA+6=10m—-4, 
Peomponent = dom w 44 Es) Ox) = 2m for [p+r;,=8, 
and 
Peomponent = Jom £4 GX) Ox?) =2m+2 for 4+r:=3, 


P = Protai = 10m—44+(2x5)—-2=10m+4. 


~ 
w. 

3 
- 


5 3 for l;tr; = 8 
4 4 for lp+ r; =8 
given 3 5 for Ltr; =8 
2 1 for Ltr; =3 
1 2 for l;+r; = 3 
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The first-return string-runs of the components are therefore as follows: 


1 
a 

1 

2 
an 

2 

3 
a 

3 

4 
a 

4 

5 
= 

5 


For m = 2 we obtain: 


Poomp = 2M +2, (z =10m —4). 
Peomp = 2M+2, (z = 10m -— 4). 
Peomp = 2m , (z = 10m — 4). 
Peon = 2M 3 (z = 10m — 4). 
Pi onig 2s (z = 10m — 4). 


2m+2=6, and 
2m=4. 
C= 2m = 135 
z=10m-—-4=16. 
Peanpornent =6 and Poomponent 


Poigl = 24. 


B* is coprime to 2 and 8. 


= 4, 
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(6) — SEMI-STANDARD BROKEN-HERRINGBONE 
PINEAPPLE KNOTS 


N=; B* and P* 


component 
* re . 
Fc ononent aa, Promponent as calculated in (5). 


All derivations are as in (5). 


have a common divisor greater than 1. 


See the Example in (5), where we obtained for m = 2 : 
2m = 4, and 
2m+2=6. 
c=2m-1=3, 
z=10m-4=16. 
Pcomponent =6 and Peomponent =4. 
Hence | as =6 and P* 4, 


component component = 


Protal = 24. 
B* has a divisor of 2 and/or 3. 


(7) — PERFECT BROKEN-HERRINGBONE PINEAPPLE KNOTS 


A can take any value in the range 1,...,(A —1) which is coprime with A. 


B* and P = Protqi are coprime. 


Type l: A; =e 1l<¢e=< A/2, 
Type 2: Az =A-e L< 6 <Al2. 
Thus: and A are coprime. 


The Perfect Broken-Herringbone Pineapple Knot has one component only, and hence 
Promponent = Prtat = P=2+2A-2. 


Fore=1: e# (2m —3)4 Ahern ott (Type 1), 
2(1; 3) -6-1 
e #(2m—3) + Mh tr F— 8 (Type 2). 
Example 1: 
Ezample 1(a) Type 1 Givene=1;1;=3;7r;=4; A=5. 


€=1 implies A; =1: 6 = |2(33+4)+1[, =5. 
+7,=3+4=7, 
Y+A=Y+5=7 therefore Y = 2 and hence alsol; +7; =2. 
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Therefore: 


LG. exp sss 
# 2m—-1 
an Cee) ee a 
c# (amt —3) 4 GNA SHE 
# 2m* —3 
Therefore : 
c=2m, 
z=cA+6=10m+5, 
Protal =P=10m + 13. 
l; un 
5 2 for 
4 3 for 
given 3 4 for 
2 5 for 
1 1 for 


The first-return string-run is therefore as follows (with A = 1): 


1 
2 
5 
3 
4 
4 z=10m+5, 
3 P=10m+13. 
5 
2 
1 
1 


Ezample 1(b) Type 2 


+r,=7 
l+r;=7 
l,+r;=7 
4+r;,=7 
ljtrj=2 


(c = even) , 


(c = even). 


We now give details of the mirror-image of the foregoing Type 1 example (1(a)). 


For 1; = 3, we obtain: 


ri=ri, = (ri, + Arl, = [441], =5. 


L+r7=3+5=8, 


Yt+tA=Y+5=8 therefore Y = 3 and hence alsol; +7; =3. 


A,=5-1=4. 


It is evident that drype2 = Styper , and also that ctype2 = Ctypei for mirror-imaged 


pairs. 
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lL; rT; 

5 3 for +r; =8 

4 4 for i +rj=8 
given 3 5 for +r, =8 

2 1 for l,t+r; =3 

1 2 for +r; =3 


The first-return string-run is therefore as follows (with A = 4): 


1 
1 
2 
5 
3 
j z=10m+5, 
P=10m+13. 
4 
3 
5 
2 
1 


In this example for both Types, we obtain when m = 1 the following: 


c=2m=2, 
2= 15; 
P=23. 


Since B* and P are coprime, B* must be coprime with 23. 


Example 2: 

Ezample 2(a) Type 1 Given € = 2;1;=2;7;=4;A=5. 
€=2 implies A; =2: 6 = |2(2+ 4) +2), =4. 
ljtr5=24+4=6=A+41, 


Hence for all 1; +7; we obtain the value 6. 
Zz =cA+6=5c+4, 


Protat = P=2z2+2A—-2=5c412. 


~~ 
- 

3 
e. 


5 1 for l; tr; =6 
4 2 for l; +r; =6 
3 3 for L+ry= 

given 2 4 for l;+r; =6 
rt 5 for ljtr; = 
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The first-return string-run is therefore as follows (with A = 2): 


1 
2 
4 
4 
2 
i z=5ce+4, 
. P=5c+12. 
3 
3 
5 
1 


Ezample 2(6) Type 2 
We now give details of the mirror-image of the foregoing Type 1 example (2(a)). 
For 1; = 2, we obtain: 
rie=ri, = (ri, + Ail, = [44+ 2|, =1. 
tr; =24+12=3, 
Y=3 therefore Y + A = 8 and hence alsol; +7; = 8. 
A,=5-2=3. 
It is evident that drypez = Styper , and also that ctype2 = Ctyper for mirror-imaged 
pairs. 


l; vr; 

5 3 for l; +r; = 8 

4 4 for lj+r;=8 

3 5 for l+r; = 8 
given 2 1 for ltr; = 3 

1 2 for +r; =3 


The first-return string-run is therefore as follows (with A = 3): 


1 
5 
3 
3 
5 
1 z=5ce+4, 
5 P=5c+12. 
4 
4 
2 
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In this example for both Types, we obtain when c = 2 the following: 
z=14, 
P= 22. 


Since B* and P are coprime, B* must be coprime with 2 and 11. 


Example 3: 
Ezample 3(a) Type 2 Given'e = 25 1;=43 77 =1;A=5. 
€=2 implies Az =A-—e=3: 6 = |2(14+1)+3], =3. 


+r ]=441=5=FY, 
hence also +r; =Y+A=—5+5=10. 
z=cA+$8=5c+3, 
Pistgp = P= Se 11. 


l; T; 

5 5 for l; +r; = 10 
given 4 1 for lj+r;=5 

3 a for +r; =5 

2 3 for itr; =5 

1 4 for ltr; =5 


The first-return string-run is therefore as follows (with A = 3): 


1 
2 
3 
5 
5 
3 z=5c+3, 
9 P=5c+11. 
1 
4 
4 
| 


Ezample 3(b) Type 1 
We now give details of the mirror-image of the foregoing Type 2 example (3(a)). 
For 1; = 4, we obtain: 
ri, = (ri, — Aol, = lr, —3|, =1, hence ee 
A, =e=A-A, =5-3=2. 
lj+rj=4+4=8, 
Y+A=Y+5=8 therefore Y = 3 and hence also l; +7; =3. 
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As before, it is evident that diype1 = Stype2 , and also that ctype1 = Ctype2 for mirror- 
imaged pairs. 


5 3 for l;4+7r; =8 
given 4 4 for +r; =8 
3 5 for ltr; = 8 
2 1 for l+r;=3 
1 2 for +r; =3 


The first-return string-run is therefore as follows (with A = 2): 


1 
4 
4 
1 
2 
3 z=5c+3, 
5 P=5c+11. 
5 
3 
2 
1 


In this example for both Types, we obtain when c = 1 the following: 
z= 8, . 
P= 16. 
B* should not have a divisor greater than 1 in common with 16, 


Therefore: B* is coprime with 2 ; that is, B* is odd. 


Example 4: 

Ezample 4(a) Type 2 Givene=1;1),=4;75=5;A=5. 
€=1 implies Az =A-—e=4: § = |2(14+5)+4/|, =2. 
obra 44+5= 9, 
Y+A=Y+5=9 therefore Y = 4 and hence also l; +r; =4. 


Therefore: 


. # (2m —3)4 PROP T 
£2m (c = odd) , 

ane ofGnrys es 
4 2m* —2 (c = odd). 


Therefore: 
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c=2m-1, 
z=cA+8=10m-3, 
Protat = P=10m+5. 


l; Ty 

5 4 for ljt+r;,=9 
given 4 5 for lL+r;=9 

3 1 for +r; =4 

2 2 for +r; =4 

1 3 for ltr, =4 


The first-return string-run is therefore as follows (with A = 4): 


1 
2 
2 
1 
3 
: z=10m-3, 
i P=10m+5. 
4 
5 
3 
1 


Ezample 4(b) Type 1 
We now give details of the mirror-image of the foregoing Type 2 example (4(a)). 
For 1; = 4, we obtain: 
r= Ti, = |ri, + Aol, = [5 +4], = 4. 
ij+r,=4+4=-8, 
Y+A=Y+5=8 therefore Y = 3 and hence also 1; +7; = 3, 
Ay =e=A—Ay= 1. 

It is evident that b:ype2 = dtyper , and also that ctype2 = Ctype1 for mirror-imaged 


pairs. 


i r; 

5 3 for ijt+r;=8 
given 4 4 for Il: +r; = 8 

3 5 for +r; =8 

2 1 for lj+r;=3 

1 2 for ljtr; =3 
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The first-return string-run is therefore as follows (with A = 1): 


1 
3 
5 
4 
4 
z=10m-3, 
P=10m+5. 
3 
1 
2 
2 
1 


In this example for both types, we obtain when m = 2 the following: 


c=2%m-1=3, 
Pa lis 
PS 25. 


Since B* and P are coprime, B* must be coprime with 5. 


(8) — SEMI-PERFECT BROKEN-HERRINGBONE PINEAPPLE KNOTS 


A can take any value in the range 1,...,(A — 1) which is coprime with A. 
B* and P = Piotat have a common divisor greater than 1. 
The Semi-Perfect Broken-Herringbone Pineapple Knots are like the Perfect Broken- 


Herringbone Pineapple Knots, except that they require more than one string in their 
construction. 


All formulae derivations are as in (7) above. 


Example 1: 
Ezample 1(a) Type 1, and Ezample 1(b) Type 2 
Using the same numerical values for the various parameters as in examples 1(a) and 


1(b) under (7), we find that the only difference for the Semi-Perfect Broken-Herringbone 
Pineapple Knot is that now B* and P must have a common divisor of 23. 


Example 2: 
Ezample 2(a) Type 1, and Example 2(b) Type 2 

Using the same numerical values for the various parameters as in examples 2(a) and 
2(b) above, under (7), we find that the only difference for the Semi-Perfect Broken- 


Herringbone Pineapple Knot is that now B* and P must have a common divisor of 2 
and/or 11. 
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Example 3: 
Ezample 3(a) Type 2, and Ezample 3(b) Type 1 

Using the same numerical values for the various parameters as in examples 3(a) and 
3(b) under (7), we find that the only difference for the Semi-Perfect Broken-Herringbone 
Pineapple Knot is that now B* and P must have a common divisor of 2, hence B* is 
even. 
Example 4: 
Ezample 4{(a) Type 2, and Ezample 4(b) Type 1 

Using the same numerical values for the various parameters as in examples 4(a) and 


4(b) under (7), we find that the only difference for the Semi-Perfect Broken-Herringbone 
Pineapple Knot is that now B* and P must have a common divisor of 5. 


(9) — COMPOUND BROKEN-HERRINGBONE PINEAPPLE KNOTS 


For knots in this sub-class, A can take any value in the range 2,...,(A — 2) which 

has with A a common divisor. 
B* and Peomponent are coprime. 

The number of passes is the same for each component of a given knot. 

We define the number of passes per component by a. Hence the number of compo- 
nents of a given knot is A/a. 

When a component is completed, a bight-boundaries on each edge of the knot have 
been visited, and then the equation |1 + a- A|, = 1 is satisfied. This implies that a- A 
is an integral multiple (say 7) of A; that is a- A =o-A; and so, finally, we can write: 


[ia 
a 
We may note that o and a are coprime. 
Typel: Ai=e 2<€< A/2, 
Type 2: A,=A-—e 2<€< A/2. 


Note that Type 1 and Type 2 have the same A-value when A; = A; = A/2. 


Furthermore, since A and A have a common divisor greater than 1, € and A are not 
coprime. 


z=cA+é6 where c= (0),1,2,3,..., 
| ee a Oe ey \ er pe See 
Piste UP cempdneys = 2 2A = 2 
Example 1: 
Given 1; =2;7r;=1;A=6. 


A =6 has the divisors 2 and 3; thus a = 2 or 3. 


Let a@ be equal to 2; then A = a A/2 = 30. 
But since 2 < A < A —2, we obtain o = 1 and hence A=3. 
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Ezample 1(a) 
6 = |2(2+1)+ 3], =3, 
z=cA+$8=6c+3, 
P= Protea =2+2A—2=6c4+13. 
ber =H 2413, 
Y=3 hence also 1; +7; =34+A=3+6=9. 


~~ 
o. 

3 
« 


6 3 for lj+r; =9 
5 4 for l;t+r;=9 
4 5 for ltr; =9 
3 6 for lj+r;,=9 
given 2 1 for +r; =3 
1 2 for +r; =3 


The first-return string-runs are therefore as follows (with A = 3): 


1 
5 

4 Preomponent = 2(¢ + 4) + Gxsyr ae terete) =2ce+5. 
2 

1 

2 
4 

5 Pcomponent = 2(c¢ + 4) + See =2c+5. 
i 

2 

3 
3 

6 Peomponent = 2c +4) + PRS) FEFOFOFS) Loy. 
6 

3 


Ezample 1(b) 
We now give details of the mirror-image of the foregoing example (1(a)). 
For 1; = 2, we obtain: 
n=, = ais +Ai|,= ]1 + 3], =4, 


LE+tr=2+4=6, 
Y=6 hence alsol; +r; =~6+A=6+6=12. 


Az =A-—A,=6-3=3=A,. 
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l; rT; 

6 6 for lj +r; = 12 

5 i for l; +r; =6 

4 2 for lj+r; =6 

3 3 for l;t+r; =6 
given 2 4 for ljt+r;=6 

1 5 for l+r; =6 


The first-return string-runs are therefore as follows (with A = 3): 


1 
2 

4 Promponent = 2(¢ + 4) + Cx snares sr?) =2c+5- 
5 

1 

2 
1 

5 Prsnconcne = %c+4)+ Gxsj—re rosary =2c+5. 
4 

2 

3 
6 

6 P.omponent = 2(¢ + 4) + (2 x 3) — 2(8 +6 +3 + 6) = Do 5 
3 6 

3 


It is of course inconsequential which of the above two knots 1(a) or 1(b) is called 


Type 1 or Type 2. We shall however indicate the knots which have a half-cycle a : 
we and a as Type 1 knots and hence the knots which have a half-cycle a ra 
and as Type 2 knots. 


In this example for both Types, we obtain when c = 2 the following: 


z=6c+3=15, 
Protat = P = 64+ 13 = 25, 


Peomponent = 9 and Promponent =7. 


Since B* and Promponent are coprime, B* must be coprime with 3 and 7. 
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Example 2: 
Given = 23; = 23 A= 6. 


Let a be equal to 3; then A = 9S = 2a. 


Since 2< A<A-—2, hence 2< A < 4, the value of o can be 1 or 2. 


For o = 1 we obtain A = 2, and for o = 2 we obtain A=4. 


Ezample 2(a) Type 1 
ra oy 
§ = (2(2+ 2) + 2|, = 4, 
z=cA+é=6ce+4, 
P= Prt =rzr+2A—-2=6c4+14. 


j+r,=24+2=4, 
Y=4 hence alsol; +r; =4+A=4+6=10. 


~ 

ey 
3 

. 


6 4 for l; +r; = 10 
5 5 for l; +r; = 10 
4 6 for l,+r;=10 
3 1 for jt+r;=4 
given 2 2 for +r; =4 
1 3 for ljtr, =4 


The first-return string-runs are therefore as follows (with A = 2): 


1 
5 
5 
1 Peomponent = 3(e +4) + BAN PU FSFE 4 SFIS) =3c+8. 
3 
3 
1 
2 
4 
6 
6 Peomponent = 3(¢ + 4) + BxsrrerarerererS = 3c4+6. 
4 
2 
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Ezample 2(b) Type 2 
We now give details of the mirror-image of the foregoing Type 1 example (2(a)). 
For 1; = 2, we obtain: 
re=rin =(ri, + Aly = (24 2), = 4. 
lj+r;=24+4=6, 
Y=6 hence alsol; +7; =64+A=6+6=12. 
A,=A-A, =6-2=4. 


I; ri 

6 6 for l; +r; = 12 

5 1 for l; +r; =6 

4 2 for l;+r; =6 

3 3 for lj +r; =6 
given 2 4 for l+7r; =6 

1 5 for l,+r; =6 


The first-return string-runs are therefore as follows (with A = 4): 


1 
3 
3 
1 Peomponent = 3(c + 4) + SES =3c4+8. 
5 
5 
1 
2 
2 
4 
6 P-omponent = 3(¢ + 4) + Bxanrerererarer?) —3c+6. 
6 
4 
2 


In this example for both Types, we obtain when c = 2 the following: 


z=6c+4=16, 
Protat = P= 6c+14 = 26, 


Peomponent = 14 and Peomponent =12. 


Since B* and Promponent are coprime, B* must be coprime with 2,3 and 7. 


158 


Example 3: 
Given 1; =2;7r;=6; A=6. 


Let a be equal to 3; then A = 24 = 20. 


Since 2< A < A—2, hence 2 < A < 4, the value of o can be 1 or 2. 


For ¢ = 1 we obtain A = 2, and for o = 2 we obtain A=4. 


Ezample 3(a) Type 2 
A=4. 
Note that we are dealing with a Type 2 since A = 4 and hence € = 2 (Type 2: 
A, =A-—e with2<e< A/2). 
§ = |2(2+6)+ 4], =2, 
z=cA+6=6c+2, 
P = Prtwat =2+2A—2=6c4+12. 
l+r,=2+6=8, 
Y+A=Y+6=8 therefore Y = 2 and hence also l; +7; =2. 


l; re 

6 2 for lj+7r;=8 

5 3 for l;+r; = 8 

4 4 for l;+r; =8 

3 5 for l+r; =8 
given 2 6 for +r; =8 

1 1 for +r; =2 


The first-return string-runs are therefore as follows (with A = 4): 


1 
5 
3 
3 Pie we i = 3047. 
5 
1 
1 
2 
4 
4 
2 Promponent = 3(e + A)+ (3 x 2)~2(2+6+4+6+2+44) =3c4+5. 
6 6 
6 
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Ezample 3(b) Type 1 
We now give details of the mirror-image of the foregoing example (3(a) Type 2). 
For 1; = 2, we obtain: 
r,=7Ti, = es + Aal, = 6+ 4|, =4, 


ljt+7r;=2+4=6, 
Y =6 hence also 1; +r; =6+A=6+6=12. 


A, =A—-A,=6-4=2. 


l; r; 

6 6 for lj; +r; = 12 

5 1 for lL+r;= 

4 2 for lj+rz= 

3 3 for l,+r;=6 
given 2 4 for lj+rzi= 

1 5 for lj+r;=6 


The first-return string-runs are therefore as follows (with A = 2): 


1 
1 
5 
3 Pismponenta oe 4)? Baar restore ese) = 3c4+7. 
3 
5 
1 
2 
6 
6 
2 Preomponent = 3(¢ + 4) + Bx)w rer ererayers) =3c4+5. 
4 
4 
2 


In this example for both Types, we obtain when c = 2 the following: 
z=6c+2=14, 
Protat = P = 6c4+12 = 24, 
Promponent = 13 and Promponent =11. 
Since B* and Peomponent are coprime, B* must be coprime with 13 and 11. 
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(10) — SEMI-COMPOUND BROKEN-HERRINGBONE 
PINEAPPLE KNOTS 


For knots in this sub-class, A can take any value in the range 2,...,(A — 2) which 
has with A a common divisor. 


B* and P* 


component have a common divisor greater than 1. 
Pe = Peomponent as calculated in (9). 


component — 


All derivations are as in (9). 


See the Examples in (9): 


Example 1: 
Ezample 1(a) and 1(b) 


1 2 3 1 2 3 
5 4 3 2 1 6 
4 5 6 and 4 5 6 
2 1 6 5 4 3 
1 2 3 1 2 3 
Promp = comp = Pomp = Promp = Promp = Plomp = 
2c+5 2co+5 2c+3 2c+ 5 2c+5 2c+3 


For c = 2 we obtain: 
2=6e+3= 15, 
Pisiat = P = 6e+ 13 = 25, 


Esomsovent =9 and LE counponent =7. 
A * eo oe 
B* and Pimponent have a common divisor of 3 and/or 7. 
Example 2: 


Ezample 2(a) and 2(b) 


1 2 1 2 

5 4 3 2 
5 6 3 4 

1 6 and 1 6 
3 4 5 6 

3 2 5 4 
1 2 1 2 
P* _ P* _ * = * 
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For c = 2 we obtain: 
z=6c+4=16, 
Protat = P = 60+ 14 = 26, 


Prostipanane =14 and PF oatnonent =12. 
B* and Pi, nponent have a common divisor of 2 and/or 3 and/or 7. 


Example 3: 
Example 3(a) and 3(b) 


1 2 1 2 
5 4 1 6 

3 4 5 6 
3 2 and 3 2 

5 6 3 4 
1 6 5 4 

1 2 1 2 
sn ae i 


For c = 2 we obtain: 
z=6c+2=14, 
Papa Pf = 6e-F12 = 24. 
P* += 13 and PS ll. 


componen component —_ 


B* and P* 


component 


have a common divisor of 11 and/or 13. 
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(II) 
THE FORMULAE FOR BRAIDING DOWNWARDS 


start 1; 
Tl 
la 
T2 
ls ly = | - Al, r2=|r1+Al, 
ls =|, -—Al, r3 =(|r2 + Aly 
4 =|]; —Al, ra=|r3+Al, 
ligag = |; — Al, tigi =(rit Al, 
TA-2 
laa 
TA-1 
la 
TA 
finish J, 


In the above, i = 1,2,3,...,(A—1) and 
A is an integer belonging to the set: {0,1,2,3,...,(A —2),(A — 1)}. 


All components of a given knot have the same A-value. 


6 = (201; +7ri)-— A|, where 6 is an integer belonging to the set: 
Fie Becica( et) Aye 


All components of a given knot have the same 6-value. 
For all half-cycles of a given knot, the value of (I; + 7;) is either equal to: 
(1) A+l1 
(2) Y,orY+A, where 2<Y<A. 


All components of a given knot have the same z-value, and since z = cA+6 
it follows that all components of a given knot have the same c-value. 
In general we have: 
Typel: A,=e for 1<e¢e< A/2, 
Type2: A,=A-—e for 1<e< A/2. 
Thus ll;, + ey lg — Ui, + Tip — Ail, F 
Note that Type 1 and Type 2 have the same A-value when A; = A2 = A/2. 


For 1;, = 1;, the following relationship holds: 
= li, -Ail, = lhe: -~A+ Adal, aa + Adal, : 
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Note the special case when A = 0, in which case Type 1 is identical to Type 2; and 


also the special case when A; = A2 = A/2, in which case: 


Ti, = ee 7 A/2\| 4 = ri 7 A/2\, : 


(1) — STANDARD HERRINGBONE PINEAPPLE KNOTS 


A=; B* and Peomponent are coprime. 


Protat = P = 5 Peomponent =2+2A~2, 
z+4A — 2(1; + 17;) . 


Promponent _ AO ’ CPeomponent is odd) p) 
zr=cA+é, 


Note: All components of a given knot do NOT necessarily have the same m-value (see 


the following examples). 


Example: 
Given 1; = 3357; =5;A=5. 
Therefore : 
§ = |2(1; + r;) — Al, = |2(38 + 5) — 0|, = [16], = 1. 
lj+r,=34+5=8=Y+A thus Y = 3 and hence also l; +7; =3. 
Therefore : 
C= (2m* ee 3) + cl Seah he +r) = 
= (2m* — 3) + @xs)-t = 2m" (hence c = even), 
and 
e = (2m—3) + CXI—} Lom 9 (hence c = even). 
Therefore: 
2m* = 2m—2, hence m* =m-—1. 
z=cA+6=10m-9, 
| eee Hm 8+ (4 XS) — (x8) ae for ES 8. 
ane 10 9+(4 2 
Ps gaees Hom 9+ XS) x9) Lon a4 i Tope, 


P = Protat = 10M —94+ (2x 5)-2=10m-1. 
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~~ 
-. 


given 


oR OF De 


ri; 

2 for 
1 for 
5 for 
4 for 
3 for 


+r; = 3 
I, +r;=3 
l; +7; = 8 
l;+r;=8 
l+r;=8 


The first-return string-runs of the components are therefore as follows: 


wn 
> 
> 
on 
> 


For m = 2 we obtain: 


Peomp = 2M+1, 


Peomp = 2m +1, 


Poomp = 2m—-1, 


Peomp = 2m—1, 


Pomp = 2m~1, 


2m+1=5, and 
2m-1=3. 


c=2m—-2=2, 


(z =10m-—9). 
(zc =10m—9). 
(x = 10m — 9). 
(x =10m—9). 
(x = 10m — 9). 


z=10m-9=11. 
Peomponent =5 and Promponent =3, 


Pista =19. 


B* is coprime to 3 and 5. 


165 


(2) — SEMI-STANDARD HERRINGBONE PINEAPPLE KNOTS 


A=; B* and P* 


component 


P* = Peomponent as calculated in (1). 


component — 


have a common divisor greater than 1. 


All derivations are as in (1). 


See the Example in (1), where we obtained for m = 2: 
2m+1=5, and 
2m~—~1=3. 
c= %m—-2=2, 
z=10m-9=11. 
Peomponent =5 and Peomponent =3. 
Hence Plomponent =5 and PX 3, 


component = 
Protat = 19. 


B* has a divisor of 3 and/or 5. 


(3) — PERFECT HERRINGBONE PINEAPPLE KNOTS 


Ayo=t (Type 1). 
A, =A-1 (Type 2). 
B* and Protat are coprime. 
The Perfect Herringbone Pineapple Knot has only one component and thus: 


Promponent = Prtat =2+2A—2. 


Ce wea 9 eat eet 
Type 1: en een ed? ee 


A , 
Type 2: e=(2m—3)4 Mero ost 
Example 1: 
Ezample 1(a) Type 1 Given 1; =3;7; =5;A=5. 
hy = 1: § = |2(3+5)-1|, =5. 


;4+73=3+5=8, 
Y+A=Y+5=8 therefore Y = 3 and hence also 1; +7; = 3. 
Therefore : 
c= (2m—3) 4+ UXS FE Lam 1 (c = odd), 
and 


c= (am? — 3) + 2X EAT ame 3 (c = odd). 
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Therefore : 
2m —1=2m* -3, hence m =m*—-1. 
z=cA+6=10m, 
Protat = P=10m+8. 
l; ; 

1 2 for ljtr;=3 
2 | for ltr; =3 
given 3 5 for +r; = 8 
4 4 for ltr; = 8 
5 3 for +r; =8 


The first-return string-run is therefore as follows (with A = 1): 


1 


4 
z=10m, 
3 P=10m+8. 
5 
2 
1 
1 
Ezample 1(b) Type 2 


We now give details of the mirror-image of the foregoing Type 1 example (1(a)). 
For 1; = 3, we obtain: 
MrT, = Irs, —-Ail,= [5 —1l, =4, 
;+r73=3+4=T, 
Y+tAaYt5=7 therefore Y = 2 and hence also l; +r; =2. 
A,=5-1=4. 
It is evident that Siype2 = Styper , and also that Ctype2 = Ctypei for mirror-imaged 


pairs. 


l; ri 

1 1 for ltr; =2 

2 5 for l+rj,=7 
given 3 4 for lj+r;=7 

4 3 for l+r;,=7 

5 2 for lt+r;=7 
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The first-return string-run is therefore as follows (with A = 4): 


1 
1 
2 
5 
3 
z=10m, 
' P=10m+8. 
4 
3 
5 
2 
1 


In this example for both types, we obtain when m = 1 the following: 


c=2m-1=1, 
z=10, 
P=18; 


B* should not have a divisor greater than 1 in common with 18. 


Therefore: B* is coprime with both 2 and 3. 


Example 2: 
Example 2(a) Type 2 Given 1], = 3;7;=5;A=5. 
A; =1,andsoA,=A-1=4. 
6 = |2(3+ 5)-4|, =2. 


j+r5;=3+5=8=Y+A, 
hence also ibt+r3=Y=8-—-5=3. 


Therefore : 
c= (2m—3)+ 2X8 24) Lan (c = even), 
and 9 
e=(2m* — 3) + CXI— PF) Lame 2 (c = even). 
Therefore : 
2m = 2m* —2, hence m = m*—1. 
z=cA+6=10m+2, 
Protat = P=10m+10. 
l; ri 
1 2 for tr; =3 
2 1 for +r; =3 
given 3 5 for l+r;=8 
4 4 for i;+r;=8 
5 3 for lj+r;=8 
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The first-return string-run is therefore as follows (with A = 4): 


1 
2 
2 
i 
3 
5 z= 10m+2, 
‘4 P=10m+10. 
4 
5 
3 
1 


Ezample 2(b) Type 1 

We now give details of the mirror-image of the foregoing Type 2 example (2(a)). 

For [; = 3, we obtain: 

Tis = |ri, + Aol, = |ri, + 4|, = 5, hence i SneaHl. 
Ij+r;=34+1=4, 
Y= 4 hence alsol; +r; =Y+A2=4+5=9. 

As before, it is evident that drype1 = Stype2 , and also that ctype1 = Ctype2 for mirror- 

imaged pairs. 


l; vr; 

1 3 for lj+r; = 4 

2 2 for lt+r;=4 
given 3 1 for lj+rj=4 

4 5 for Ijt+r;=9 

5 4 for l;+r;=9 


The first-return string-run is therefore as follows (with A = 1): 


1 
3 
5 
4 
4 
P z=10m+2, 
3 P=10m+10. 
1 
2 
2 
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In this example for both types, we obtain when m = 1 the following: 


e= 2m = 2, 
Ce A 
P= 20). 


B* should not have a divisor greater than 1 in common with 20. 


Therefore: B* is coprime with both 2 and 5. 


(4) — SEMI-PERFECT HERRINGBONE PINEAPPLE KNOTS 


Me St (Type 1), 
A,=A-1 (Type 2). 


B* and Piotai have a common divisor greater than 1. 


The Semi-Perfect Herringbone Pineapple Knots are like the Perfect Herringbone 
Pineapple Knots, except that they require more than one string in their construction. 
All formulae derivations are as in (3) above. 


Example 1: 
Ezample 1(a) Type 1, and Ezample 1(b) Type 2 


Using the same numerical values for the various parameters as in examples 1(a) and 
1(b) above, under (3), we find that the only difference for the Semi-Perfect Herringbone 
Pineapple Knot is that now B* has a divisor of 2 and/or 3. 


Example 2: 
Ezample 2(a) Type 2, and Ezample 2(6) Type 1 


Using the same numerical values for the various parameters as in examples 2(a) and 
2(b) above, under (3), we find that the only difference for the Semi-Perfect Herringbone 
Pineapple Knot is that now B* has a divisor of 2 and/or 5. 


(5) — STANDARD BROKEN-HERRINGBONE PINEAPPLE KNOTS 


A: =05 B* and Peomponent are coprime. 


Protat = P = )_ Peomponent =2+2A-2, 
z+ 4A — 2(1; + 7;) : 


Pocsponent = a aa ’ CP stisonent is even) ’ 
zr=cA+6, 
2(l,+7r;)-6 
c # (2m — 3) + 2h + ri) — 8 


A 
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Note: All components of a given knot do NOT necessarily have the same m-value (see 
the following examples). 


Example: 
Given 1;=3;7r;=5;A=5. 


Therefore : 
6=[2(1; + ri) — Al, = [2(3 + 5) — O], = [16], = 1. 
ltr, =34+5=8 hence Y =3 and hence alsol; +r; =3. 
Therefore : . 
2 -—l1 
c# (2m —3)+ Gx ; 
c#2m hence c=odd, 
and 
9 is 
ct (am* ~ 3) + CXD= 2, 
c# 2m* —2 hence c=odd. 
Therefore : 
c=2m-—1, 
z=cA+8=10m-4, 
Peomponent = tom SF ERS) — OC x8) = 2m for l; + r= 8 ; 
and 
1 ea = 
| eee Wen soe) =Im+2 for b+rn=3, 
l; Ti 
1 2 for tr; =3 
2 1 for tr; =3 
given 3 5 for l;+r; = 8 
4 4 for l;tr; =8 
5 3 for +r; =8 
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The first-return string-runs of the components are therefore as follows: 


1 
a 

1 

2 
im 

2 

3 
i 

3 

4 
we 

4 

5 
a 

5 


For m = 2 we obtain: 


Pcomp = 2m +2; (z = 10m —4). 
Poomp = 2M +2, (zc = 10m — 4). 
Pomp ont, (z =10m — 4). 
Peomp = 2m, (z = 10m — 4). 
Peomp = 2m, (z = 10m — 4). 


2m+2=6, and 
2m=4. 
c=2m-—-1=3, 
z=10m-4=16. 
Peomponent =6 and Peomponent = 4; 
Protal = 24. 


B* is coprime to 2 and 3. 
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(6) — SEMI-STANDARD BROKEN-HERRINGBONE 
PINEAPPLE KNOTS 

A =0 ; B* and TF omiponent 

Phomponent = Peomponent a8 calculated in (5). 


All derivations are as in (5). 


have a common divisor greater than 1. 


See the Example in (5), where we obtained for m = 2 : 
2m = 4, and 
2m+2=6. 
c=2m-1=3, 
z=10m-—-4=16. 
Peomponent =6 and Peomponent = 4, 
Hence Pe =6 and P* a. 


component component 


Protal = 24, 
B* has a divisor of 2 and/or 3. 


(7) — PERFECT BROKEN-HERRINGBONE PINEAPPLE KNOTS 


A can take any value in the range 1,...,(4 — 1) which is coprime with A. 
B* and P = Piotai are coprime. 
Typel: Ai =e 1<e< A/2, 
Type 2: Ayo =A-~e 1<e<A/2. 
Thus:  ¢ and A are coprime. 
The Perfect Broken-Herringbone Pineapple Knot has one component only, and hence 
Peomponent = Prtat = P=xz+2A-—2. 
21; +r;)- 6-1 


Fore=1: c # (2m — 3) + (Type 1), 
21; +7ri) -6+1 
e# (2m—3)+ Mtr OF! (Type 2). 
Example 1: 
Ezample 1(a) Type 1 Given €=1;1;=3;7;=5;A=5. 
€=1 implies Ay =1: § = (213+ 5)-1], =5. 


+75 =3+5=8, 
Y+A=Y+5=8 therefore Y = 3 and hence also 1; + 7; = 3. 
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Therefore: 
2x 8)-5-1 
c # (2m —3) + Gxsjn sa) 
#2m—1 (c = even) , 
and 
—5-1 
e# (2m*—9) + CXS Sa) 
# 2m* —3 (c = even). 
Therefore : 
e= 2m, 
z=cA+6=10m+5, 
Pista = P=10m+13. 
l; uri 
1 2 for lj+r; = 3 
2 1 for lL+r;=3 
given 3 5 for l; +r; = 8 
4 4 for l; +r; =8 
5 3 for lj +r; =8 


The first-return string-run is therefore as follows (with A = 1): 


1 
2 
5 
3 
4 
4 z=10m+5, 
3 P=10m+13. 
5 
2 
1 
1 


Ezample 1(b) Type 2 
We now give details of the mirror-image of the foregoing Type 1 example (1(a)). 
For 1; = 3, we obtain: 
r= 7T, = Irs, ~ Ail, = |5 — 1], = 4. 
+r; =3+4=7, 
Y+A=Y+5=7 therefore Y = 2 and hence also l;+7r; =2. 
Ao =5-1=4. 
It is evident that Stype2 = Stypei , and also that Crypez2 = Ctypei for mirror-imaged 
pairs. 
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lL; Ty 

1 1 for lj+r;=2 

2 5 for Ltr, =7 
given 3 4 for l;+r;=7 

4 3 for ltr; =7 

5 2 for l+r,=7 


The first-return string-run is therefore as follows (with A = 4): 


1 
1 
2 
5 
3 
‘ z=10m+5, 
4 P=10m+13. 
3 
5 
2 
1 


In this example for both Types, we obtain when m = 1 the following: 


C= 2m = 2 
e=15, 
P= 23x 


Since B* and P are coprime, B* must be coprime with 23. 


Example 2: 
Ezample 2(a) Type 1 Given e = 2;1;=3;75;=5;A=5. 
€=2 implies A, =2: § = |2(3+ 5) — 2), = 4. 
+r=3+5=8, 
Y+A=Y++5=8 therefore Y = 3 and hence also l; +r; =3. 
z=cA+6=5c+4, 
Protat = P=z2+2A—2=5c412. 


lL; Ti 


1 2 for lj+r;=3 

2 1 for it+rzp= 
given 3 5 for l; +r; = 8 

4 4 for +r; = 

5 3 for L+r;=8 
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The first-return string-run is therefore as follows (with A = 2): 


1 
2 
4 
4 
2 
1 z=5c+4, 
P P=5c4+12. 
3 
3 
5 
1 


Ezample 2(b) Type 2 

We now give details of the mirror-image of the foregoing Type 1 example (2(a)). 

For |; = 3, we obtain: 

r=Ti = Int, ~— Aal, = 5-2), =3. 
+r, =34+3=6=A41, 
Hence for all 1; +r; we obtain the value 6. 
Ag=Hp=-2=3 

It is evident that Siype2 = Stype1 , and also that ctype2 = Ctypei1 for mirror-imaged 

pairs. 


1 5 for li, +r; =6 
2 4 for l;+r;=6 
given 3 3 for I;+r;=6 
4 2 for l+r; =6 
5 1 for lj+r; =6 


The first-return string-run is therefore as follows (with A = 3): 


1 
5 
3 
3 
5 
1 z=5e+4, 
. P=5c+12. 
4 
4 
2 
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In this example for both Types, we obtain when c = 2 the following: 
eo 14, 
P=22. 


Since B* and P are coprime, B* must be coprime with 2 and 11. 


Example 3: 
Ezample 3(a) Type 2 Given e = 23;1;=3;7r;=5;A=5. 
€=2 implies A, =A-—e=3: § = |2(44+1)+3|, =3. 
l+r;=34+5=8=Y+A, 
hence also l+r=Y=3. 
z=cA+6=5c+3, 
Protat = P =5ce+11. 


1 2 for +rz= 

2 1 for ltr; =3 
given 3 5 for lr+r; = 8 

4 4 for l,+r; =8 

5 3 for +r; =8 


The first-return string-run is therefore as follows (with A = 3): 


1 
2 
3 
5 
5 
3 z=5c+3, 
9 P=5c+11. 
1 
4 
4 
1 


Ezample 3(b) Type 1 
We now give details of the mirror-image of the foregoing Type 2 example (3(a)). 
For 1; = 3, we obtain: 
Ti, = |ri, + Aol, =I|ri, + 3), =5, hence ee es 
A, =e=A-AL,=5—-3=2. 
| ee Pea ae ee 
pe hence alsol; +r; =Y+A=5+5=10. 
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As before, it is evident that d:ype1 = Stype2 , and also that ciype1 = Ctype2 for mirror- 
imaged pairs. 


li; Ty 

1 4 for itr; =5 

2 3 for +r; =5 
given 3 2 for ltr, =5 

4 1 for lj+r;=5 

5 5 for l; +r; = 10 


The first-return string-run is therefore as follows (with A = 2): 


1 
4 
4 
1 
2 
3 z=5c+3, 
P=5c4+11. 
5 
5 
3 
2 
1 
In this example for both Types, we obtain when c = 2 the following: 
2=-13; 
P= 21; 
B* should not have a divisor greater than 1 in common with 21, 
Therefore: B* is coprime with 3 and 7. 
Example 4: 
Ezample 4(a) Type 2 Given e=1> = 3:37; =53 A=5:. 
€=1 implies Ap =A-—e€=4: 6 = (2(3 + 5) — 4|, = 2. 


j+r7=3+5=8, 
Y+A=Y++5=8 therefore Y = 3 and hence also 1; +7; =3. 


Therefore: 
2 —2 
¢ £ (2m —3)+ Cxsyattt 
# 2m (c = odd), 
and 
co £ (2m*—3) + Gxsree 


# 2m* —2 (c = odd). 
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Therefore: 
c=2m-1, 


z=cA+é6=10m-3, 
Protat = P =10m+5. 


~— 
oe 


vr; 


given 


ofr WN 
woh ore bd 


L+r;=3 
+r; =3 
Ltr; =8 
l;+r;=8 
lj+r;=8 


The first-return string-run is therefore as follows (with A = 4): 


i 

2 
2 

1 
3 

5 
4 

4 
5 

3 
1 


Ezample 4(b) Type 1 


=10m-—3, 
P=10m+5. 


We now give details of the mirror-image of the foregoing Type 2 example (4(a)). 


For |; = 3, we obtain: 


ri=ri, = |ri, — Aa|, = [5-4], =1. 


+r, =34+1=4, 
Y=4 
A, =e=A—-AL,=1. 


hence alsol; +7; = Y+A=4+5=9, 


It is evident that Sryre2 = Styper , and also that ciypez = Ctyper for mirror-imaged 


pairs. 


— 

. 
3 

cw 


1 3 for ltr, =4 
2 2 for ljt+r;=4 
given 3 1 for lj+r;,=4 
4 5 for l;+r;=9 
5 4 for l;+r;=9 
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The first-return string-run is therefore as follows (with A = 1): 


1 
3 
5 
4 
4 
P z=10m-3, 
P=10m+5. 
3 
1 
2 
2 
1 


In this example for both types, we obtain when m = 1 the following: 


c=Im—-1=1, 
a 
P= 155 


Since B* and P are coprime, B* must be coprime with 3 and 5. 


(8) — SEMI-PERFECT BROKEN-HERRINGBONE PINEAPPLE KNOTS 


A can take any value in the range 1,...,(A — 1) which is coprime with A. 
B* and P = Piota; have a common divisor greater than 1. 
The Semi-Perfect Broken-Herringbone Pineapple Knots are like the Perfect Broken- 


Herringbone Pineapple Knots, except that they require more than one string in their 
construction. 


All formulae derivations are as in (7) above. 


Example 1: 
Ezample 1(a) Type 1, and Ezample 1(b) Type 2 
Using the same numerical values for the various parameters as in examples l(a) and 


1(b) under (7), we find that the only difference for the Semi-Perfect Broken-Herringbone 
Pineapple Knot is that now B* and P must have a common divisor of 23. 


Example 2: 
Ezample 2(a) Type 1, and Ezample 2(b) Type 2 

Using the same numerical values for the various parameters as in examples 2(a) and 
2(b) above, under (7), we find that the only difference for the Semi-Perfect Broken- 


Herringbone Pineapple Knot is that now B* and P must have a common divisor of 2 
and/or 11. 


180 


Example 3: 
Ezample 3(a) Type 2, and Ezample 3(b) Type 1 
Using the same numerical values for the various parameters as in examples 3(a) and 


3(b) under (7), we find that the only difference for the Semi-Perfect Broken-Herringbone 
Pineapple Knot is that now B* and P must have a common divisor of 3 and/or 7. 


Example 4: 
Ezample {(a) Type 2, and Ezample 4(b) Type 1 


Using the same numerical values for the various parameters as in examples 4(a) and 
4(b) under (7), we find that the only difference for the Semi- Perfect Broken-Herringbone 
Pineapple Knot is that now B* and P must have a common divisor of 3 and/or 5. 


(9) — COMPOUND BROKEN-HERRINGBONE PINEAPPLE KNOTS 


For knots in this sub-class, A can take any value in the range 2,...,(A — 2) which 
has with A a common divisor. 


B* and Poomponent are coprime. 
The number of passes is the same for each component of a given knot. 


We define the number of passes per component by a. Hence the number of compo- 
nents of a given knot is A/a. 

When a component is completed, a bight-boundaries on each edge of the knot have 
been visited, and then the equation |1+a-A|, = 1 is satisfied. This implies that a-A 
is an integral multiple (say 7) of A; that isa-A=o-A; and 50, finally, we can write: 


Wee fe 
a 
We may note that o and a are coprime. 
Typel: Ai =e 2<e< A/2, 
Type 2: A2=A-e 2<€< A/2. 


Note that Type 1 and Type 2 have the same A-value when A; = A2 = A/2. 


Furthermore, since A and A have a common divisor greater than 1, € and A are not 
coprime. 
z=cA+é where c=(0),1,2,3,..., 
»6 — 2(21; + or; 
Promponent = la atc + 4) + {asa s en} ’ 


Pistal = Di Paeponent =2+ 2A—2. 


Example 1: 
Given 1; =2;7;=4; A=6. 
A = 6 has the divisors 2 and 3; thus a = 2 or 3. 


Let a be equal to 2; then A = cA/2 = 30. 
But since 2 < A < A —2, we obtain o = 1 and hence A= 3. 


Ezample 1(a) 
§ = |2(2 + 4) ~ 3), =3, 
z=cA+é=6ct+3, 
P = Prorat = 2+ 2A—2=6c4+13. 


Ij+r, =2+4=6, 
Y =5 hence also 1; +7; = Y+A=6+6=12. 


F vr; 

1 5 for lj+r;=6 
given 2 4 for lj+r;=6 

3 3 for l,+r; =6 

4 2 for l;+r; =6 

5 1 for ir; =6 

6 6 for tr; =12 


The first-return string-runs are therefore as follows (with A = 3): 


1 
5 

4 Ponpenen = 2(c+4)+ espn dt rere +?) =%e+5. 
2 

1 

2 
4 

5 Pinesnent = 2(c+ 4)+ Sa ae =2c4+5. 
il 

2 

3 
3 
6 

3 


Ezample 1(b) 
We now give details of the mirror-image of the foregoing example (1(a)). 
For 1; = 2, we obtain: 
m= Ti, = (ri, — Aa|, = [4-3], = 1. 
lj+r,;=24+1=3, 
y=3 hence alsol; +r; = Y+A=34+6=9. 
A,=A-—-A, =6-3=3=A). 
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given 


l; Tr 

1 2 for ltr; =3 
2 1 for L+r;=3 
3 6 for l;+r;=9 
4 5 for lL+r;=9 
5 4 for +r; =9 
6 3 for l+ri=9 


The first-return string-runs are therefore as follows (with A = 3): 


1 

2 
4 

5 
1 
2 

1 
+) 

4 
2 
3 

6 
6 

3 
3 


bs 4 
4 (2% 3)- 1444245) _o. 


Peomponent = 2(¢ “e 4) 6 +5. 
Foci ponent = 2(c + 4) oe a a =2c+5. 
P-omponent = 2(¢ + 4) + (2 x 3) ~ 213 +6+6+ 3) =%c4+3. 


6 


It is of course inconsequential which of the above two knots 1(a) or 1(b) is called 
Type 1 or Type 2. We shall however indicate the knots which have a half-cycle Ne ; 


ns and ae as Type 1 knots and hence the knots which have a half-cycle Nui we 


and Ss as Type 2 knots. 


In this example for both Types, we obtain when c = 2 the following: 


z=6c+3=15, 
Protat = P = 6c +13 = 25, 


Peomponent = 9 and Peomponent =7. 


Since B* and Peomponent are coprime, B* must be coprime with 3 and 7. 


Example 2: 


Given 1; =2;7r;=4; A=6. 


oA 


Let a be equal to 3; then A= —- = 2c. 


Since 2< A< A-—2, hence 2< A < 4, the value of o can be 1 or 2. 
For o = 1 we obtain A = 2, and for o = 2 we obtain A = 4. 


Ezample 2(a) Type 1 


6 = |2(2 + 4) 
z=cA+6= 


Les 


—2|,=4, 


6c+4, 


P= Prtat =2+2A—2=6c+14. 


lj+r,=24+4=6, 
Y =6 hence alsol; +r; = Y+A=6+6=12. 


~ 

« 
3 

On 


given 


oan f WON r 
Ore OW hr CI 


for +r; =68 
for l,+r; = 6 
for l+r,; =6 
for l;t+r; =6 
for lt+r;=6 
for lj+r;=12 


The first-return string-runs are therefore as follows (with A = 2): 


1 
5 
5 
1 Peomponent = 3(¢ +4) 
3 
3 
1 
2 
4 
6 
6 Peomponent = 3(c + 4) 
4 
2 


(3x 4)-214+54+34+5+4+1+3) 


. 6 


_ 3x4) 224644444642) 
6 
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=3c+8. 


=3c+6.- 
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Ezample 2(b) Type 2 
We now give details of the mirror-image of the foregoing Type 1 example (2(a)). 
For [; = 2, we obtain: 
r=, = Irs, ~Ail,= |4 — 2], =2. 


t+rp=2+2=4, 
Y=4 hence alsol; +r; =Y+A=4+6=10. 


A,=A-A, =6-2=4. 


l; vr; 

1 3 for +r, =4 
given 2 2 for lj+r;=4 

3 1 for ljt+r;, = 4 

4 6 for l; +r; = 10 

5 5 for l; +r; = 10 

6 4 for l; +r; = 10 


The first-return string-runs are therefore as follows (with A = 4): 


1 
3 
3 
1 Promponent = 3(¢ +4) + Beara rerersyiy) Bed § 
5 
5 
1 
2 
2 
4 
6 Pisoni = ale 2 4)4 Bxdjwrerarereress =3c4+6. 
6 
4 
2 


In this example for both Types, we obtain when c = 2 the following: 
z=6c+4=16, 
Protal = P=6c+14=26, 
Peomponent = 14 and Promponent = 12 - 


Since B* and Peomponent are coprime, B* must be coprime with 2,3 and 7. 
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Example 3: 
Given 1; =2;7r;=4;A=6. 


Let a be equal to 3; then A = 24 = 20. 


Since 2< A< A-—2, hence 2< A <4, the value of o can be 1 or 2. 
For o = 1 we obtain A = 2, and for ¢ = 2 we obtain A = 4. 


Ezample 3(a) Type 2 
A= 4; 
Note that we are dealing with a Type 2 since A = 4 and hence € = 2 (Type 2: 

A,=A-—e with2<e< A/2). 

§ = |2(2+ 4) —4|, = 2, 

z=cA+é6=6c+2, 

P= Prtat =2+2A—2=6c4+12. 

ltr; =2+4=6, 
Y=6 hence alsol; +7; =Y+A=6+6=12. 


1 5 for li+r; =6 
given 2 4 for l;+r; =6 
3 3 for l,+r; —6 
4 2 for l+r; =6 
5 1 for lj+r; =6 
6 6 for l,+r; = 12 


The first-return string-runs are therefore as follows (with A = 4): 


1 
5 
3 
3 P.omponent = 3(¢ + 4) + Gxrjnarrsrereysey =3c47. 
5 
1 
1 
2 
4 
4 
2 Peomponent = 3(c + 4) + (3 x 2) — 2(2+4+6+4+2 +6) =3c+5. 
6 6 
6 
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Ezample 3(b) Type 1 


We now give details of the mirror-image of the foregoing example (3(a) Type 2). 


For 1; = 2, we obtain: 
yi=Ti, = Pe, — Al, = |4 — 


+r, =2+6=8, 


4|, =6. 


Y+A=8 therefore Y = 2 and hence alsol; +7; =2. 


A, =A—-A,=6-4=2. 


l; ri 

1 1 for 
given 2 6 for 

3 5 for 

4 4 for 

5 a for 

6 2 for 


The first-return string-runs are therefore as follows (with A = 2): 


1 
1 
5 
3 Peomponent = 3(c a 4) 2 
3 
5 
1 
2 
6 
6 
2 Promponent = 3(e + 4) + 
4 
4 
2 


In this example for both Types, we obtain when c = 2 the following: 


z=6c+2=14, 
Protal = P = 6c +12 


Peomponent = 13 and Peomponent =i11. 


ltr; =2 
itr; =8 
l+r; = 8 
I; +r; = 8 
l+r; = 8 
Il; +r; = 8 


(3 x 2) -2(1+54+3+41+34+5) _ 


6 


(3 x 2) — 2(22+6+4+6+2+4) | 


6 


= 24. 


3c 


3c 


ee 


+5. 


Since B* and Promponent are coprime, B* must be coprime with 13 and 11. 
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(10) — SEMI-COMPOUND BROKEN-HERRINGBONE 
PINEAPPLE KNOTS 


For knots in this sub-class, A can take any value in the range 2,...,(A — 2) which 
has with A a common divisor. 


* * oe 
B* and Poomponent have a common divisor greater than 1. 
Fconponent = Peomponent as calculated in (9). 


All derivations are as in (9). 


See the Examples in (9): 


Example 1: 
Ezample 1(a) and 1(b) 


1 2 3 1 2 3 

2 l 6 5 4 3 
4 5 6 and 4 5 6 

5 4 3 2 1 6 
1 2 3 1 2 3 
oe ae oe eee 


For c = 2 we obtain: 
2=6e+3.=— 15; 
Piec= PF =6e+13 = 25; 


* —_ * —_ 
Pemmatent 7 9 and Pi ponent =7. 
* = e e 
B* and Pxmponent have a common divisor of 3 and/or 7. 


Example 2: 
Ezample 2(a) and 2(b) 


1 2 1 2 
5 4 3 2 

5 6 3 4 
1 6 and 1 6 

3 4 5 6 
3 2 5 4 

1 2 1 2 
comp = comp = Peomp = Promp = 
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For c = 2 we obtain: 
z=6c+4=16, 
Protat = P = 60+ 14 = 26, 


ES epenent = 14 and PE component =12. 
B* and Pimponent have a common divisor of 2 and/or 3 and/or 7. 
Example 3: 


Ezample 3(a) and 3(b) 


1 2 1 2 
5 4 ai 6 

3 4 5 6 
3 2 and 3 2 

5 6 3 4 
1 6 5 4 

1 2 1 2 
Peomp = Peomp = Plomp = Plomp = 

3e+7 3c+5 3c+7 3c+5 


For c = 2 we obtain: 
z=6ce+2=14, 
Protat = P = 60+12 = 24, 


* = * = 
J eoninonent = 13 and Plomponent =11. 


B* and Piomponent have a common divisor of 11 and/or 13. 


Appendix 3 


MODULAR ARITHMETIC 


When constructing cylindrical braids, a string is passed round and around a cylinder, 
forming half-cycles (from left-hand bights to right-hand bights and vice-versa) in a 
string-run as it goes. Each time it passes round the cylinder, the newly formed half- 
cycles may overlay those which were formed previously; and since no bight position is 
ever occupied twice, the half-cycles generally cross one another. 


It is natural then, that in order to study relative bight and string crossing positions 
on the cylinder, we have to use what is called modular arithmetic (or clock arithmetic) 
to do our calculations. 


Suppose we mark twelve equi-distant points around a section of a cylinder (to use a 
‘12-hour clock’ example), and wrap two portions of string (say A and B) round it, ina 
clockwise direction. 

Let the length of portion A be equal to 6 
units, and the length of portion B be equal to 
9 units. 


2 ra string, B 


The strings are joined end-to-end, so their 
total length is 15 units. 

The string begins at position 0 (equivalent 
to position 12) and ends at position 3. 

Thus, by ‘ordinary’ arithmetic, A+ B = 
15; whereas by ‘clock arithmetic’, we can write 
A+B=3. 

In effect, every time we pass completely round the cylinder we discard 12 units from 
our sum, and start counting from 0 again. This is called modulo-12 addition. 

Our notation for this is |A + B|,,. We use the notation throughout all our books 
and research papers on Braiding. 

The symbols indicate that the ordinary sum of the lengths A and B has to be reduced 


by as many multiples of 12 as it contains; the ‘answer’ is the smallest possible positive 
or zero remainder. In general, we refer to this value simply as the remainder. 


jst string, A 
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Sometimes in our braiding applications, when it happens that the remainder is r = 0, 
we find it necessary to use the modulus-value (i.e. 12) instead of 0 (refer to the clock 
diagram, where it is seen that 0 and 12 are equivalent, and therefore interchangeable). 

In everyday life, for example, we never say that the time is 0 o’clock, but always 12 
o’clock. 


Examples : 
I3+4l,. =(Tl. =7- 
19+ 10|,. = |19|,. =7. 
[11 + 5], = [16|,. = 4. 
\6 + 6|,, = |12|,, = 0 (sometimes written as 12). 


Note that we can find the modulus of a negative integer, and interpret this as wrap- 
ping the string around the cylinder in the anti-clockwise direction. For example, wrap- 
ping the strings A+ B = 15 anti-clockwise on the modulo-12 clock takes us to the point 
9 on the clock. Hence we can write: 

|-15|,. = |-3],. =9. 
Further examples are: 
15 — 9|,. = |--4l,. =8.- 
|6 —11|,, = |-5|,, =7. 
|3 — 22|,. = |-19|,. =|—7l1. = 5. 
[7 +2—10|,. = |-1|,, =11. 
Numbers other than 12 may be used as a modulus. Once the modulus is given, a 


complete system of addition, subtraction, multiplication and division may be defined, 
in a similar fashion to that of ordinary arithmetic. 


Examples: 
|9|, = 0 (sometimes written as 3). 


j21|, =1. 
IS + 15], = |23|, = |5|, =5.- 
|—7|, = |-3|, =1. 


I8\, a: [15{,|, = |2+ 3l4 = 5\4 = (14 =1. 


In general notation, suppose the modulus is p. Then if N is any integer, it can be 


expressed in the form: 
N=m-p¢r, 


where m is the number of multiples of p which causes the remainder 7 to be a number 
in the interval 0 <r <p. 

Note that m may be any integer; that is, m may be any whole number, positive, 
negative or zero. 

Our general notation for the modulus operation is: 


|IN|,= 7. 
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Below we give some Rules associated with modular arithmetic. The reader may care 
to make up examples and demonstrate the truth of each one. 
Rules: 
(1) If |A], = |B|,, and |C|, = |D|,, then: 
|A—C, == |B — D\,, 
|A-C|, = |B: D\,. 


(2) |A+Bl,= (lA), +1B1,| . 
(3) In- Alp =7° Al, - 
(4) If |A|, = |B|, , we may not deduce that A = B; 


we can, however, deduce that |A — B], = 0. 
Conversely, |A — B|, = 0 implies that |A|, =|4I,- 
(5) If |k- Al, = |k- Bl, , then: 
|Alz = |Blz , where g.c.d.(k,p) =d. 


In number theory the following notation, originating from the great German math- 

ematician K.F.Gauss (1777 — 1855), is much used : 
A = B (modulo p) means that A — B is divisible by p. It is to be read thus: 
A is congruent to B, mod p. 

From (4) above, we see that ‘A = B(modulo p)’ is equivalent to ‘|A|, = |B|,’. Hence 
congruence arithmetic and modular arithmetic are the same thing. 

We have found our notation more convenient than Gauss’s, for developing our the- 
ories of braiding. 


Appendix 4 


RELATIONSHIPS BETWEEN 
BRAIDING ALGORITHM 
CALCULATIONS 


In Fig. 64 of Chapter 7 we gave a table and discussed its function in relation to the 
calculation of the Algorithm-tables which supplied us with the braiding algorithms for 
the Standard Herringbone Pineapple Knots. Recall that the table in Fig. 64 gave us 
the set-numbers where intersections additional to the reference quantities occurred. 
By comparing this table with the one given below in Fig.65 the reader will observe 
their striking similarities. The table in Fig.65 can be used in calculating the oraiding 
algorithms for the Regular Knots in general. Although the calculation of braiding 
algorithms for Regular Knots as described in Book 1/1: BRAIDING — Regular Knots 
may seem at first sight not to have much in common with the table in Fig. 65; however 
the methods are in fact the same. In the Fig. 65 table, 5 stands for the number of bights 
of the Regular Knot and p stands for its number of parts. 

The table works as follows: 


The 1** half-cycle is always a free run, hence the table gives for the 1** half-cycle 
‘NONP’, indicating that there are no columns where intersections occur. 


The 2”4 half-cycle gives mb, where m can have the values 1,2,3,--- . Column- 
numbers outside the range 1,2,3,---,(p — 1) have to be discarded. Suppose we want 
to braid a Regular Knot having 15 parts and 7 bights; then the valid values for mb 
are 7 and 14 (1 x 7 and 2 x 7 respectively). Hence for half-cycle 2, intersections occur 
on the columns 7 and 14 as numbered from right to left, since half-cycle 2 runs from 
lower-right to upper left. 

An odd half-cycle has the intersections on columns, whose numbers, when num- 
bered from left to right (since an odd half-cycle runs from lower-left to upper-right), 
are the same as those of the columns which are intersected during the immediately 
preceding even half-cycle. 
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Calculation of the COLUMN-NUMBERS 
where an intersection occurs: 


= 


1. 
2. 
3. 
4. 
5. 
6. 
7. 
8. 
9. 
10. 
11. 
12. 


ed 
a 
' 


where ™= 1,2,3,..., 
column-numbers outside the range 1,2,3,... 


mb- mp, where m= 1,2,3,... avd’ r=0,1,2,...,(n-1). 
as for halfcycle 2n 


Fig. 65 — Calculation-table for intersection column-numbers (for Regular Knots). 
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Thus in our example, intersections occur on the columns 7 and 14 for half-cycle 3, 
with the columns being numbered from left to right. 


; The 4** half-cycle intersects not only the columns whose numbers are the same as 

those of the 2"¢ half-cycle (hence the columns 7 and 14, numbered from right to left), 
but in addition it intersects the columns whose numbers (when numbered from right 
to left) are indicated by (mb —s), hence the additional columns whose numbers are 6 
and 13 ((3 x 7) — 15 and (4 x 7) — 15 respectively). Thus the 4** half-cycle intersects 
the columns 6,7,13 and 14 (numbered from right to left). 


The 5** half-cycle intersects the columns 6,7,13 and 14 (numbered from left to 
right). 

The 6** half-cycle intersects not only the columns whose numbers are the same as 
those of the 4** half-cycle (hence the columns 6,7,13 and 14, numbered from right to 
left), but in addition it intersects the columns whose numbers (when numbered from 
right to left) are indicated by (mb— 2s), hence the additional columns whose numbers 
are 5 and 12 ((5 x 7) — (2 x 15) and (6 x 7) — (2 x 15) respectively). Thus the 6" 
half-cycle intersects the columns 5,6, 7, 12,13 and 14 (numbered from right to left). 


And so on. 


[1] 


[2] 


[3] 


[4] 


[7] 


[8] 


[9] 


[10] 


[11] 


[12] 
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